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EXTENSIONS OF GREEDY-LIKE BASES FOR SEQUENCES WITH
GAPS
MIGUEL BERASATEGUI AND PABLO M. BERNA´
Abstract. In [17], T. Oikhberg introduced and studied variants of the greedy and
weak greedy algorithms for sequences with gaps. In this paper, we continue the study
of these algorithms, extending the notions of some greedy-like bases and of several
properties generally studied in connection with them to the context of sequences
with gaps. A key classification of these sequences distinguishes between bounded
gaps and arbitrarily large ones. We establish several equivalences for sequences in
the first of these classes, and provide examples showing that they do not hold for
sequences in the second one.
1. Introduction
Let X be a separable, infinite dimensional Banach space over the field F = R or
C, with a semi-normalized Markushevich basis B = (ei)i∈N, that is, if X∗ is the dual
space of X, B satisfies the following:
(i) X = [ei : i ∈ N];
(ii) there is a (unique) sequence B∗ = (e∗i )∞i=1 ⊂ X∗ of biorthogonal functionals,
that is, e∗k(ei) = δk,i for all k, i ∈ N;
(iii) if e∗i (x) = 0 for all i ∈ N, then x = 0;
(iv) there exist positive scalars α1, α2 defined as follows:
α1 := sup
i∈N
‖ei‖ and α2 := sup
i∈N
‖e∗i ‖.
Hereinafter, we will refer to a semi-normalized Markushevich basis B as a basis. Ad-
ditionally, if B verifies the above conditions and there is a positive constant C such
that
(v) ‖Sm(x)‖ ≤ C‖x‖ for all x ∈ X and all m ∈ N, where Sm is the mth partial
sum, we say that B is a Schauder basis. Its basis constant K is the minimum
C for which this inequality holds.
In 1999, S. V. Konyagin and V. N. Temlyakov introduced the Thresholding Greedy
Algorithm (TGA), which has become one of the most important algorithms in the field
of non-linear approximation, and has been studied by researchers such as F. Albiac,
J. L. Ansorena, S. J. Dilworth, N. J. Kalton, D. Kutzarova, V. N. Temlyakov and P.
Wojtaszczyk, among others. The algorithm essentially chooses for each x ∈ X the
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largest coefficients in modulus with respect to a basis. Here, we consider a relaxed
version of this algorithm introduced by V. N. Temlyakov in [19]. Fix t ∈ (0, 1]. We
say that a set A(x, t) := A is a t-greedy set for x ∈ X if
min
i∈A
|e∗i (x)| ≥ tmax
i 6∈A
|e∗i (x)|.
A t-greedy sum of order m (or an m-term t-greedy sum) is the projection
Gtm(x) =
∑
i∈A
e∗i (x)ei,
where A is a t-greedy set of cardinality m. The collection (Gtm)
∞
m=1 is called theWeak
Thresholding Greedy Algorithm (WTGA) (see [18, 19]), and we denote by Gtm
the collection of t-greedy sums Gtm with m ∈ N. If t = 1, we talk about greedy sets
and greedy sums Gm.
Different types of convergence of these algorithms have been studied in several
papers, for instance [11, 12, 15]. For t = 1, a central concept in these studies is the
notion of quasi-greediness ([15]).
Definition 1.1. We say that B is quasi-greedy if there exists a positive constant C
such that
‖Gm(x)‖ ≤ C‖x‖, ∀x ∈ X, ∀m ∈ N.
The relation between quasi-greediness and the convergence of the algorithm was
given by P. Wojtaszczyk in [21]: a basis is quasi-greedy if and only
lim
n
Gn(x) = x, ∀x ∈ X.
Recently, T. Oikhberg, in [17], introduced and studied a variant of the WTGA where
only the t-greedy sums with order in a given increasing sequence of positive integers
n = (nk)
∞
k=1 are considered. For each such sequence, the gaps of the sequence are the
quotients
(
nk+1
nk
)
k
when nk+1 > nk + 1. Sequences with - in some sense - sufficiently
large gaps have numerous applications in several areas of mathematics. For instance,
in mathematical analysis they are used in connection to the trigonometric series (see
for example [22]) and, in the area of approximation, in [10] the authors prove that there
exists a strictly increasing sequence n = (nk)
∞
k=1 ⊂ N such that the lacunary Haar
system
(
(hnkj )
2nk
j=1
)∞
k=0
in H1 is an f(n)-approximate ℓ1 system (see [10, Proposition
5.3] for more details).
In our context, Oikhberg’s central definition is as follows: Given n = (nk)
∞
k=1 ⊂ N a
strictly increasing sequence n1 < n2 < ..., a basis B is n-t-quasi-greedy if
lim
k
Gtnk(x) = x, (1.1)
for any x ∈ X and any choice of t-greedy sums Gtnk(x).
Of course, if the basis is quasi-greedy, it is n-quasi-greedy for any sequence n and,
moreover, it is also n-t-quasi greedy for all 0 < t ≤ 1 (see [17, Theorem 2.1], [16, Lem-
mas 2.1, 2.3], [14, Proposition 4.5], [13, Lemma 2.1, Lemma 6.3], and Lemma 6.10).
The reciprocal is false as [17, Proposition 3.1] shows and, in fact, this result shows that
for any sequence n that has arbitrarily large gaps (see [17] or Definition 1.2 below),
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there are Schauder bases that are n-t-quasi greedy for all 0 < t ≤ 1, but not quasi-
greedy. On the other hand, it was recently proven that if n has bounded gaps (see
[3, Definition 5.1] or Definition 1.2 below), a Schauder basis that is n-quasi-greedy is
also quasi-greedy ([3, Theorem 5.2]).
Definition 1.2. Let n = (nk)k∈N be a strictly increasing sequence of natural numbers
with gaps. We say that n has arbitrarily large gaps if
lim sup
k→+∞
nk+1
nk
= +∞.
Alternatively, for l ∈ N>1, we say that n has l-bounded gaps if
nk+1
nk
≤ l,
for all k ∈ N, and we say that it has bounded gaps if it has l-bounded gaps for some
natural number l ≥ 2.
Here, we continue the study of the TGA and WTGA for sequences with gaps. In
particular, we extend several of the notions usually studied in connection with these
algorithms - such as democracy, symmetry for largest coefficients, and some greedy-
type bases - to this context, and study their relations with their standard counterparts,
that is the properties when n = N - though for the sake of completion, we will allow
n = N in our definitions and results unless otherwise stated.
This paper is organized as follows: in Section 2 we introduce and study the notions of
n-unconditionality for constant coefficients and the n-UL property. Section 3 focuses
on the concepts of n-democracy and other democracy-like properties, whereas Section
4 looks at duality and n-bidemocracy. In Section 5, we study the characterization of
some n-greedy-type bases using some of the properties defined in the previous sections.
In Section 6, we introduce and study n-partially greedy and n-strong partially greedy
bases, for which a separate analysis seems more convenient. In Section 7, we consider
two families of examples that are used throughtout the paper. Finally, in Section 8,
we pose some questions for future research.
We will use the following notation throughout the paper - in addition to that already
introduced: for A and B subsets of N, we write A < B to mean that maxA < minB.
If m ∈ N, we write m < A and A < m for {m} < A and A < {m} respectively (and
we use the symbols “>”, “≥” and “≤” similarly). Also, A ·∪B means the union of A
and B with A ∩B = ∅, and N>k means the set N \ {1, . . . , k}.
For A ⊂ N finite, ΨA denotes the set of all collections of sequences ε = (εn)n∈A ⊂ F
such that |εn| = 1 and
1εA[B,X] := 1εA =
∑
n∈A
εnen.
If ε ≡ 1, we just write 1A. Also, every time we have index sets A ⊂ B and ε ∈ ΨB,
we write 1εA considering the natural restriction of ε to A, with the convention that
1εA = 0 if A = ∅.
As usual, by supp (x) we denote the support of x ∈ X, that is the set {i ∈ N :
e∗i (x) 6= 0}, and PA with A a finite set denotes the projection operator, that is,
PA(x) =
∑
i∈A
e∗i (x)ei.
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Although T. Oikhberg defined n-t-quasi-greedy bases using the condition (1.1), for
our purposes we use the following definition - which is equivalent by [17, Theorem
2.1].
Definition 1.3. Let n = (nk)
∞
k=1 be a strictly increasing sequence of natural numbers.
We say that B is n-t-quasi-greedy if there exists a positive constant C such that
‖Gtn(x)‖ ≤ C‖x‖, ∀x ∈ X, ∀Gtn ∈ Gtn, ∀n ∈ n. (1.2)
Alternatively, we say that B is n-t-suppression quasi-greedy if there exists a pos-
itive constant C such that
‖x−Gtn(x)‖ ≤ C‖x‖, ∀x ∈ X, ∀Gtn ∈ Gtn, ∀n ∈ n. (1.3)
We denote by Cq,t and Csq,t the smallest constants verifying (1.2) and (1.3), re-
spectively, and we say that B is Cq,t-n-t-quasi-greedy and Csq,t-n-t-suppression-quasi-
greedy.
Remark 1.4. For n = N and t = 1, we recover the classical definitions of quasi-
greediness (see [15]).
We will use the following notation for n-t-quasi-greedy bases:
• If n = N, we say that B is Cq,t-t-quasi-greedy.
• If t = 1, we say that B is Cq-n-quasi-greedy.
• If t = 1 and n = N, we say that B is Cq-quasi-greedy.
Finally, we let
κ :=
{
1 if F = R,
2 if F = C.
2. Unconditionality for constant coefficients
In the literature, it is well known that every quasi-greedy basis is unconditional for
constant coefficients, that is, for every finite set A and every sequence of signs ε ∈ ΨA,
‖1εA‖ ≈ ‖1A‖.
This condition was introduced by P. Wojtaszczyk in [21] and it is the key to char-
acterize superdemocracy using democracy (see for instance [8, Lemma 3.5] for more
details), among other applications. Here, we consider a natural extension for sequences
with gaps.
Definition 2.1. We say that B is n-unconditional for constant coefficients if there is
C > 0 such that
‖1εA‖ ≤ C‖1ε′A‖ (2.1)
for all A ⊂ N with |A| ∈ n and all ε, ε′ ∈ ΨA. The smallest constant verifying (2.1)
is denoted by Ku and we say that B is Ku-n-unconditional for constant coefficients.
If n = N, we say that B is Ku-unconditional for constant coefficients.
As we have said, P. Wojtaszczyk proved in [21, Proposition 3.2] that every quasi-
greedy basis is unconditional for constant coefficients. Now, a question, as shown in
the following diagram, is whether the same result is true for general sequences.
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Qg n−Qg
Ucc n− Ucc
X
X
?
?
X
The following result shows that the two questions in the diagram above have nega-
tive answers.
Proposition 2.2. Suppose n has arbitrarily large gaps. There is a Banach space
X with a Schauder basis B that is n-t-quasi-greedy for all 0 < t ≤ 1, but is not
n-unconditional for constant coefficients.
Proof. See Example 7.3. 
When n has bounded gaps and B is Schauder, the situation is different because if
B is n-quasi-greedy, by [3, Theorem 5.2] it is quasi-greedy, and thus unconditional for
constant coefficients. Moreover, the following result shows that, when n has bounded
gaps and B is Schauder, n-unconditionality for constant coefficients is equivalent to
the classical notion.
Lemma 2.3. Let n be a sequence with l-bounded gaps, and let B be a Schauder basis
with basis constant K. If B is Ku-n-unconditional for constant coefficients, it is Cu-
unconditional for constant coefficients with Cu ≤ max{n1α1α2, (2l − 1)KuK}.
Proof. Fix a finite set A ⊂ N with 0 < |A| 6∈ n, and ε, ε′ ∈ ΨA. If |A| < n1, we have
‖1εA‖ ≤ |A|α1 ≤ n1α1 ≤ n1α1α2‖1ε′A‖. (2.2)
On the other hand, if |A| > n1, let
k0 := max
k∈N
{nk < |A|}.
As n has l-bounded gaps and nk0 < |A| < nk0+1 ≤ lnk0 , there is 2 ≤ m ≤ l and a
partition of A into nonempty disjoint sets (Aj)1≤j≤m such that
|A1| ≤ nk0 , |Aj| = nk0∀2 ≤ j ≤ m, Aj < Aj+1∀1 ≤ j ≤ m− 1.
For each 2 ≤ j ≤ m, we get
‖1εAj‖ ≤ Ku‖1ε′Aj‖ ≤ 2KuK‖1ε′A‖. (2.3)
Let B be the (perhaps empty) set consisting of the first nk0 −|A1| elements of A \A1.
We have
‖1εA1‖ ≤ max
ǫ∈{−1,1}
‖1εA1 + ǫ1B‖ ≤ Ku‖1ε′A1 + 1ε′B‖ ≤ KuK‖1ε′A‖.
From this and (2.3), it follows by the triangle inequality that
‖1εA‖ ≤ (2l − 1)KuK‖1ε′A‖. (2.4)
The proof is completed combining (2.2) and (2.4). 
In the case n = N, it is is known that quasi-greediness implies a property that is
stronger than unconditionality for constant coefficients, namely the UL property: if
A is a finite set, then for any sequence (ai)i∈A,
min
i∈A
|ai|‖1A‖ . ‖
∑
i∈A
aiei‖ . max
i∈A
|ai|‖1A‖. (2.5)
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This relation was shown for the first time in [12] when F = R and, for the complex
case, the result was proved in [2]. Moreover, the UL property has own life since in [8,
Section 5.5], the authors gave the first example in the literature of a basis in a Banach
space such that (2.5) is satisfied but the basis is not quasi-greedy. Now, as in the case
of n-unconditionality for constant coefficients, we extend this notion to the context of
sequences with gaps.
Definition 2.4. We say that a basis B has the n-UL property if there are positive
constants C1,C2 such that
1
C1
min
i∈A
|ai|‖1A‖ ≤ ‖
∑
i∈A
aiei‖ ≤ C2max
i∈A
|ai|‖1A‖ (2.6)
for all A ⊂ N with |A| ∈ n and all scalars (ai)i∈A. If n = N, we say that B has the
UL property with constants C1 and C2.
For a general sequence n, using the definitions and Lemma 2.3 we obtain the fol-
lowing diagram showing the relations between n-quasi-greediness, the n-UL property
and n-unconditionality for constant coefficients.
Qg n−Qg n− Ucc
UL n− UL
Ucc
n− Ucc
X
X
×
×
×
X
X
?
X
X
In the general case, we can give a negative answer to the remaining question in the
diagram: as Example 7.1 shows, for any sequence with arbitrarily large gaps, the n-UL
property does not imply unconditionality for constant coefficients. In particular, it
follows that neither the n-UL property nor n-unconditionality for constant coefficients
is equivalent to its standard counterpart.
For sequences with bounded gaps and Schauder bases, we have the following result,
similar to Lemma 2.3.
Proposition 2.5. Suppose n has bounded gaps, and let B be a Schauder basis with
basis constant K. If B has the n-UL property with constants C1,C2, it has the UL
property with constants C′1,C
′
2 verifying the following bounds:
C′1 ≤ max{n1α1α2,K2C1 + 2(l − 1)C1K},
and
C′2 ≤ max{n1α1α2,K2C2 + 2(l − 1)C2K}.
Proof. Suppose n has l-bounded gaps, and let C1 and C2 be positive constants for
which (2.6) holds. First, we show that there is a positive constant for which the left-
hand side of (2.6) also holds when we take N as our sequence. Fix a finite set A ⊂ N
with 0 < |A| 6∈ n, and scalars (ai)i∈A. If |A| < n1, let j be any element of A. We have
min
i∈A
|ai|‖1A‖ ≤ min
i∈A
|ai||A|α1 ≤ n1α1|e∗j(
∑
i∈A
aiei)| ≤ n1α1α2‖
∑
i∈A
aiei‖. (2.7)
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On the other hand, if |A| > n1, let
k0 := max
k∈N
{nk < |A|}.
As n has l-bounded gaps, there is 2 ≤ m ≤ l and a partition of A into nonempty sets
(Aj)1≤j≤m such that
|A1| ≤ nk0 , |Ak| = nk0∀2 ≤ j ≤ m, and Aj < Aj+1∀1 ≤ j ≤ m− 1.
For each 2 ≤ j ≤ m, applying the n-UL property we get
min
i∈A
|ai|‖1Aj‖ ≤ min
i∈Aj
|ai|‖1Aj‖ ≤ C1‖
∑
i∈Aj
aiei‖ ≤ 2C1K‖
∑
i∈A
aiei‖. (2.8)
Let B be the set consisting of the first nk0 elements of A. Since A1 is the set consisting
of the first |A1| ≤ nk0 elements of A, we have
min
i∈A
|ai|‖1A1‖ ≤ min
i∈B
|ai|K‖1B‖ ≤ KC1‖
∑
i∈B
aiei‖ ≤ K2C1‖
∑
i∈A
aiei‖.
Combining this with (2.8), it follows by the triangle inequality that
min
i∈A
|ai|‖1A‖ ≤ (K2C1 + 2(l − 1)C1K)‖
∑
i∈A
aiei‖.
From this and (2.7) we deduce that the left-hand side of (2.6) holds for any finite set
A ⊂ N with constant
max{n1α1α2,K2C1 + 2(l − 1)C1K}.
The proof of the right-hand side is very similar: fix a finite nonempty set A ⊂ N
with |A| 6∈ n, and scalars (ai)i∈A. If |A| < n1, choose j ∈ A. We have
‖
∑
i∈A
aiei‖ ≤ max
i∈A
|ai|α1|A| ≤ max
i∈A
|ai|α1n1|e∗j(1A)| ≤ max
i∈A
|ai|α1α2n1‖1A‖. (2.9)
If |A| > n1, let
k0 := max
k∈N
{nk < |A|}.
As in the proof of the left-hand side inequality, there is 2 ≤ m ≤ l and a partition of
A into nonempty sets (Aj)1≤j≤m such that
|A1| ≤ nk0 , |Aj| = nk0∀2 ≤ j ≤ m, and Aj < Aj+1∀1 ≤ k ≤ m− 1.
For each 2 ≤ j ≤ m, applying the n-UL and Schauder conditions we get
‖
∑
i∈Aj
aiei‖ ≤ C2max
i∈Aj
|ai|‖1Aj‖ ≤ 2KC2max
i∈A
|ai|‖1A‖. (2.10)
Let B be the set consisting of the first nk0 elements of A. As A1 is the set consisting
of the first |A1| ≤ nk0 elements of A, we have
‖
∑
i∈A1
aiei‖ ≤ K‖
∑
i∈B
aiei‖ ≤ KC2max
i∈B
|ai|‖1B‖ ≤ K2C2max
i∈A
|ai|‖1A‖.
From this and (2.10), by the triangle inequality we obtain
‖
∑
i∈A
aiei‖ ≤ (K2C2 + 2(l − 1)KC2)max
i∈A
|ai|‖1A‖.
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Combining this inequality with (2.9), we deduce that the right-hand side of (2.6) holds
for any finite set A ⊂ N, with constant no greater than
max{n1α1α2,K2C2 + 2(l − 1)C2K}.

3. n-democracy and some democracy-like properties
In greedy approximation theory, democracy and several similar properties are widely
used for the characterization of greedy-like bases (see for instance in [12, 13, 15]).
Here, we study natural extensions of some of these properties to the general context
of sequences with gaps. We begin our study with the extensions of three well-known
properties.
Definition 3.1. We say that B is n-superdemocratic if there exists a positive constant
C such that
‖1εA‖ ≤ C‖1ε′B‖, (3.1)
for all A,B with |A| ≤ |B|, |A|, |B| ∈ n and ε ∈ ΨA, ε′ ∈ ΨB. The smallest constant
verifying (3.1) is denoted by ∆s and we say that B is ∆s-n-superdemocratic.
If (3.1) is satisfied for ε ≡ ε′ ≡ 1, we say that B is ∆d-n-democratic, where ∆d is
again the smallest constant for which the inequality holds. If n = N, we say that B is
∆d-democratic and ∆s-superdemocratic.
Remark 3.2. As in the standard case ([12]), it is immediate that a basis is n-
superdemocratic if and only if it is n-democratic and n-unconditional for constant
coeffients.
Definition 3.3. We say that B is n-symmetric for largest coefficients if there exists
a positive constant C such that
‖x+ 1εA‖ ≤ C‖x+ 1ε′B‖, (3.2)
for any pair of sets A,B with |A| ≤ |B|, A∩B = ∅, |A|, |B| ∈ n, for any ε ∈ ΨA, ε′ ∈
ΨB and for any x ∈ X such that |e∗i (x)| ≤ 1 ∀i ∈ N and supp(x) ∩ (A ∪ B) = ∅. The
smallest constant verifying (3.2) is denoted by ∆ and we say that B is ∆-n-symmetric
for largest coefficients. If n = N, we say that B is ∆-symmetric for largest coefficients.
Note that in the case of n-symmetry for largest coefficients, our definition is equiv-
alent to only requiring that |A| = |B| ∈ n instead of |A| ≤ |B| ∈ n, as the following
lemma shows.
Lemma 3.4. A basis B is n-symmetric for largest coefficients if and only if there
exists a positive constant L such that
‖x+ 1εA‖ ≤ L‖x+ 1ε′B‖, (3.3)
for any pair of sets A,B with |A| = |B|, A∩B = ∅, |B| ∈ n, for any ε ∈ ΨA, ε′ ∈ ΨB
and for any x ∈ X such that |e∗i (x)| ≤ 1 ∀i ∈ N and supp(x)∩ (A∪B) = ∅. Moreover,
∆ is the minimum L for which (3.3) holds.
Proof. Of course, we only have to show that (3.3) implies the n-symmetry for largest
coefficients with constant no greater than L. By [9, Lemma 3.2], it is enough to show
the result for x ∈ X with finite support. Let x,A,B, ε, ε′ as in the statement. If
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|A| = |B| ∈ n, there is nothing to prove. Else, choose a set C > supp(x)∪A∪B such
that |A|+ |C| = |B| ∈ n. We have
‖x+ 1εA‖ ≤ 1
2
(‖x+ 1εA + 1C‖+ ‖x+ 1εA − 1C‖) ≤ L‖x+ 1ε′B‖.
The proof is over. 
Remark 3.5. Note that a straightforward modification of the argument of Lemma 3.4
shows that a basis B is ∆s-n-superdemocratic if and only if ∆s is the minimum C for
which
‖1εA‖ ≤ C‖1ε′B‖,
for all A,B with |A| = |B| ∈ n and all ε ∈ ΨA, ε′ ∈ ΨB.
Remark 3.6. Of course, if B is democratic (resp. superdemocratic or partially sym-
metric for largest coefficients) then B is n-democratic (resp. n-superdemocratic or
n-symmetric for largest coefficients) for any sequence n.
3.1. Some general results for the n-democracy-like properties.
Lemma 3.7. Let B a basis.
i) If B is ∆s-n-superdemocratic, then B is ∆d-n-democratic with ∆d ≤ ∆s.
ii) If B is ∆-n-symmetric for largest coefficients, then B is ∆s-n-superdemocratic
with ∆s ≤ ∆2.
Proof. It is clear that if B is n-superdemocratic, then B is n-democratic and, moreover,
∆d ≤ ∆s. To show that n-symmetry for largest coefficients implies n-superdemocracy,
we proceed as follows: consider two sets A,B with cardinality in n and |A| ≤ |B|,
and a set C > A ∪B such that |C| = |A|. Then,
‖1εA‖
‖1ε′B‖ =
‖1εA‖
‖1C‖
‖1C‖
‖1ε′B‖ ≤ ∆
2. (3.4)
Thus, if B is ∆-n-symmetric for largest coefficients, then it is ∆s-n-superdemocratic
with ∆s ≤ ∆2. 
In the case n = N, it is known that if B is ∆-symmetric for largest coefficients, then
it is ∆s-superdemocratic with ∆s ≤ 2κ∆ ([8, Proposition 1.1]). In Lemma 3.7, for a
general sequence n, we have shown that if B is ∆-n-symmetric for largest coefficients,
it is ∆s-n-superdemocratic with ∆s ≤ ∆2. This suggests the question of whether the
latter estimate can be improved in the sense that ∆s . ∆. Our next result shows
that this is not possible. In fact, it is not even possible to obtain ∆s . ∆
p for any
1 < p < 2.
Proposition 3.8. Let 0 < δ < 1 and M > 1. There is a sequence n and a Banach
space X with a Schauder basis B that is ∆-n-symmetric for largest coefficients and
∆s-n-superdemocratic with
∆ > M and ∆s ≥ ∆2−δ.
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Proof. Fix 0 < ǫ < 1 < q < p so that the following hold:
1− 1
q
≤ 1
q
− 1
p+ ǫ
, (3.5)
1− 1
p
≥ (2− δ)
(
1
q
− 1
p + ǫ
)
. (3.6)
For example, one can take q = 8
5
and p = 4− ǫ for a sufficiently small ǫ. Now choose
m ∈ N an even number sufficiently large so that
m
1
q
− 1
p+ǫ > 2 + 2
1
pm
1
q
− 1
p and m1−
1
p > M2. (3.7)
Define X as the completion of c00 with the norm
||(ai)i|| := max

∣∣∣∣∣
m∑
i=1
ai
∣∣∣∣∣ ,
(
m∑
i=1
|ai|p
) 1
p
,
(
∞∑
i=m+1
|ai|q
) 1
q
,
and let n be the sequence {m} ∪ N>mq+m, and Bm := {1, . . . , m}.
As the norm ||·||, when restricted to (ei)i≥m+1, coincides with the usual norm on ℓq,
it follows easily that the unit vector basis B = (ei)i∈N is a symmetric basis for X, and
thus it is symmetric for largest coefficients. Hence, in particular there are constants
∆ > 0 and ∆s > 0 such that B is ∆-n-symmetric for largest coefficients and ∆s-n-
superdemocratic.
To estimate ∆, by Lemma 3.4 and [9, Lemma 3.2] it is enough to consider sets A,B ⊂
N with |A| = |B| ∈ n, ε ∈ ΨA, ε′ ∈ ΨB, and x ∈ X with finite support such that
|e∗i (x)| ≤ 1 ∀i ∈ N and supp(x) ∩ (A ∪ B) = ∅.
First we consider the case |A| = |B| > mq + m. Take D > A ∪ B ∪ supp (x) with
|D| = m. By (3.5) we have
‖PBm(x+ 1εA)‖ ≤ m ≤
m
(|B| −m) 1q
(∑
i>m
∣∣e∗i (1εA\Bm)∣∣q
) 1
q
≤ ‖x+ 1ε′B‖. (3.8)
On the other hand,
‖PBcm(x+ 1εA)‖ =
((
∞∑
i=m+1
|e∗i (x)|q
)
+ |A \Bm|
) 1
q
≤
((
∞∑
i=m+1
|e∗i (x)|q
)
+ |B \Bm|+ |D|
) 1
q
≤ ‖PBcm(x+ 1εB) + 1D‖ ≤ ‖PBcm(x+ 1εB)‖+ ‖1D‖
≤ ‖x+ 1εB‖+ ‖PBcm(1ε′B)‖ ≤ 2‖x+ 1ε′B‖. (3.9)
Combining (3.8) and (3.9) we obtain
‖x+ 1εA‖ = max
{‖PBm(x+ 1εA)‖, ‖PBcm(x+ 1εA)‖ } ≤ 2‖x+ 1ε′B‖. (3.10)
Now we consider the case |A| = |B| = m. As | supp (PBm(x+ 1εA))| ≤ |Bm \ B| =
|B \Bm|, by (3.5) we have
‖PBm(x+ 1εA)‖ ≤ | supp (PBm(x+ 1εA))| ≤ |B \Bm|
1
q
− 1
p+ǫ |B \Bm|
1
q
≤ m 1q− 1p+ǫ‖PBcm(1ε′B)‖ ≤ m
1
q
− 1
p+ǫ‖x+ 1ε′B‖, (3.11)
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and
‖PBcm(1εA)‖ ≤
m
1
q
max
{
|B \Bm|
1
q , |B ∩ Bm|
1
p
} max{|B \Bm| 1q , |B ∩ Bm| 1p}
≤ m
1
q(
m
2
) 1
p
max
{‖PBcm(x+ 1ε′B)‖, ‖PBm(x+ 1ε′B)‖}
= 2
1
pm
1
q
− 1
p‖x+ 1ε′B‖. (3.12)
As ‖PBcm(x)‖ ≤ ‖x+ 1ε′B‖, from (3.11), (3.12) and the triangle inequality we obtain
‖x+ 1εA‖ = max
{‖PBm(x+ 1εA)‖, ‖P cBm(x+ 1εA)‖ }
≤ max
{
m
1
q
− 1
p
+ǫ, 1 + 2
1
pm
1
q
− 1
p
}
‖x+ 1ε′B‖
= m
1
q
− 1
p+ǫ‖x+ 1ε′B‖, (3.13)
where we used (3.7) for the last estimate. From (3.10) and(3.13), using (3.7) we
deduce that
∆ ≤ m 1q− 1p+ǫ . (3.14)
Now let ε′ ∈ ΨBm be any sequence of alternating signs. As m is even, we have
m∑
i=1
e∗i (1ε′Bm) = 0.
Thus,
‖1ε′Bm‖ = m
1
p .
Since ‖1Bm‖ = m, we conclude (using (3.6) and (3.14)) that
∆s ≥ m1−
1
p ≥
(
m
1
q
− 1
p+ǫ
)2−δ
≥ ∆2−δ.
Finally, from this result and (3.7), by Remark 3.7 we get
∆ ≥ ∆
1
2
s ≥
(
m1−
1
p
) 1
2
> M.

To finish this subsection, we characterize the n-symmetry for largest coefficients us-
ing the following extension of the property of being quasi-greedy for largest coefficients
(see [1]).
Definition 3.9. We say that B is n-quasi-greedy for largest coefficients if there exists
a positive constant C such that
‖1εA‖ ≤ C‖1εA + x‖ (3.15)
for every A ⊂ N with |A| ∈ n, ε ∈ ΨA, and all x ∈ X such that supp (x) ∩ A = ∅
and |e∗i (x)| ≤ 1 for all i ∈ N. The smallest constant verifying (3.15) is denoted by
Cql and we say that B is Cql-n-quasi-greedy for largest coefficients. When n = N, B
is Cql-quasi-greedy for largest coefficients.
It is immediate that if B is Cq,t-t-n-quasi-greedy, it is also Cql-n-quasi-greedy for
largest coefficients with Cql ≤ Cq,t.
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Proposition 3.10. A basis B is n-symmetric for largest coefficients if and only if B
is n-superdemocratic and n-quasi-greedy for largest coefficients. Moreover,
Cql ≤ 1 + ∆, ∆ ≤ 1 +Cql(1 + ∆s).
Proof. To show that n-superdemocracy and n-quasi-greediness together imply n-
symmetry for largest coefficients, just follow the proof of [1, Proposition 4.3]. As-
sume now that B is n-symmetric for largest coefficients. By Remark 3.7, B is n-
superdemocratic. Given x ∈ X with finite support, |A| ∈ n with A∩ supp(x) = ∅ and
ε ∈ ΨA, choose C > supp(x) ∪ A so that |C| = |A|. We have
‖1εA‖ ≤ ‖x+ 1εA‖+ ‖x‖
≤ ‖x+ 1εA‖+ 1
2
(‖x+ 1C‖ + ‖x− 1C‖)
≤ ‖x+ 1εA‖+∆‖x+ 1εA‖. (3.16)
By (3.16) and applying the density argument of [9, Lemma 3.2], B is Cql-n-quasi-
greedy for largest coefficients with Cql ≤ 1 + ∆.

3.2. Discussion on n-democracy-like properties for sequences with large or
with bounded gaps. In the context of sequences with gaps, it is natural to ask
whether one or more of the properties introduced in this section are equivalent to
their classical counterparts. Are they equivalent for any sequence n? If not, can we
characterize the sequences for which they are? As in the cases of the n-quasi-greedy
property and the n-UL property, it turns out that a key condition is whether the
gaps of the sequence are bounded. If they are not, the following result combined
with Remark (3.7) shows that none of these properties is equivalent to their standard
counterparts.
Proposition 3.11. Let n be a sequence with arbitrarily large gaps. There is a Banach
space X with a Schauder basis B that is n-symmetric for largest coefficients but not
democratic.
Proof. See Example 7.1 and Remark 7.2. 
For sequences with bounded gaps we obtain the following equivalences.
Theorem 3.12. Let B be a basis and assume that n has l-bounded gaps. If B is
∆-n-symmetric for largest coefficients, then B is C-symmetric for largest coefficients
with C ≤ max{1 + 2α1α2n1, 1 + 2∆2(1 + l)}.
Proof. To show that B is symmetric for largest coefficients, by Lemma 3.4 and [9,
Lemma 3.2], take x ∈ X with finite support so that maxj∈N |e∗j(x)| ≤ 1, and two finite
sets A,B ⊂ N so that A ∩ B = ∅, |A| = |B|, and supp(x) ∩ (A ∪B) = ∅.
Assume first that there exists i ∈ N such that ni ≤ m ≤ ni+1 with ni, ni+1 ∈ n.
Then, we can decompose A = A0 ∪ A1 and B = B0 ∪ B1 with |A0| = |B0| = ni ∈ n.
Thus,
‖x+ 1εA‖ ≤ ‖x+ 1ε′B‖+ ‖1εA0‖+ ‖1εA1‖+ ‖1ε′B0‖+ ‖1ε′B1‖. (3.17)
GREEDY-LIKE BASES FOR SEQUENCES WITH GAPS 13
Take C > supp(x) ∪ A ∪B such that |C| = |A0|. Hence,
‖1εA0‖ ≤ ∆‖1C‖ ≤
∆
2
(‖x+ 1ε′B1 + 1C‖+ ‖x+ 1ε′B1 − 1C‖)
≤ ∆max{‖x+ 1ε′B1 + 1C‖, ‖x+ 1ε′B1 − 1C‖}
≤ ∆2‖x+ 1ε′B1 + 1ε′B0‖ = ∆2‖x+ 1ε′B‖. (3.18)
Thus, the same argument for (3.18) can be used to estimate ‖1ε′B0‖, and we obtain
that
max{‖1εA0‖, ‖1ε′B0‖} ≤ ∆2‖x+ 1ε′B‖. (3.19)
To estimate ‖1εA1‖, take now a set F > supp(x)∪A∪B∪C such that |F |+|A1| = lni,
and write
1εA1 ± 1F =
l∑
j=1
1ηTj ,
where Tk ∩ Ti = ∅ for i 6= k, |Tj| = ni for all j = 1, ..., l and η the corresponding sign.
Hence, since ‖1ηTj‖ ≤ ∆‖1C‖ for all j = 1, ..., l,
‖1εA1‖ ≤
1
2
(‖1εA1 + 1F‖+ ‖1εA1 − 1F‖)
≤ max{‖1εA1 + 1F‖, ‖1εA1 − 1F‖}
≤ l∆‖1C‖
(3.18)
≤ l∆2‖x+ 1ε′B‖. (3.20)
Applying (3.20) to estimate ‖1ε′B1‖, we obtain
max{‖1εA1‖, ‖1ε′B1‖} ≤ ∆2‖x+ 1ε′B‖. (3.21)
Thus, applying (3.19) and (3.21) in (3.17),
‖x+ 1εA‖ ≤ (1 + 2∆2 + 2l∆2)‖x+ 1ε′B‖,
for sets A and B with cardinality bigger or greater than n1. Assume now |A| < n1.
In that case,
‖x+ 1εA‖ ≤ ‖x+ 1ε′B‖+ ‖1εA‖+ ‖1ε′B‖
≤ ‖x+ 1ε′B‖+ 2α1n1
≤ (1 + 2α1α2n1)‖x+ 1ε′B‖.
Thus, the basis is C-symmetric for largest coefficients with
C ≤ max{1 + 2α1α2n1, 1 + 2∆2(1 + l)}.

Similar results hold for n-democracy, n-superdemocracy, and n-quasi-greediness for
largest coefficients, if the basis is Schauder.
Lemma 3.13. Suppose n has l-bounded gaps, and let B be a Schauder basis with basis
constant K. If B is ∆d-n-democratic, it is democratic with constant no greater than
max{α1α2n1,∆dK(l − 1 +K)}, (3.22)
and if B is ∆s-n superdemocratic, it is superdemocratic with constant no greater than
max{α1α2n1, l∆sK.}
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Proof. Fix finite sets A,B with |A| ≤ |B|. If |A| ≤ n1, then for all ε ∈ ΨA and all
ε′ ∈ ΨB,
‖1εA‖ ≤ α1n1 ≤ α1α2n1‖1ε′B‖. (3.23)
Now suppose |A| > n1, and define
k0 := max
k∈N
{nk ≤ |A|},
Let B0 be the set consisting in the first nk0 elements of B, and A1 < · · · < Al1 a
partition of A into nonempty sets such that 1 ≤ l1 ≤ l, |A1| ≤ nk0, and, if l1 > 1, then
|Aj| = nk0 for 2 ≤ j ≤ l1. If l1 > 1, for 2 ≤ j ≤ l1 we have
‖1Aj‖ ≤ ∆d‖1B0‖ ≤ ∆dK‖1B‖. (3.24)
The same inequality holds for ‖1A1‖ if |A1| = nk0 . On the other hand, if |A1| < nk0 ,
choose D > A1 so that |A1 ∪D| = nk0 . Then
‖1A1‖ ≤ K‖1A1∪D‖ ≤ ∆dK‖1B0‖ ≤ ∆dK2‖1B‖. (3.25)
(note that if l1 = 1, then A = A1 and (3.25) holds for A, so there is nothing else to
prove). From this and (3.24), by the triangle inequality we obtain
‖1A‖ ≤ ∆dK(l − 1 +K)‖1B‖.
Combining this result with (3.23), we obtain that B is democratic, with constant as
in the statement.
Suppose now that B is n-superdemocratic. The case |A| ≤ n1 is handled as in the
proof of democracy. In the case |A| > n1, fix ε ∈ ΨA, ε′ ∈ ΨB and B0 and a partition
of A as before. If l1 > 1 we get
‖1εAj‖ ≤ ∆sK‖1ε′B‖. (3.26)
for all 2 ≤ j ≤ l1. This result holds also for A1 if |A1| = nk0 . Else, take D as before
and ǫ ∈ {−1, 1} so that ‖1A1‖ ≤ ‖1A1 + ǫ1D‖. We have
‖1εA1‖ ≤ ‖1εA1 + ǫ1D‖ ≤ ∆s‖1ε′B0‖ ≤ ∆sK‖1ε′B‖,
so combining these estimates we obtain
‖1εA‖ ≤ l∆sK‖1ε′B‖.
Finally, if l1 = 1, then A = A1, |A| = nk0 , and (3.26) holds for A. 
Theorem 3.14. Suppose n has l-bounded gaps, and let B be a Schauder basis with
basis constant K. If B is n-Cql-quasi-greedy for largest coefficients, it is M-quasi-
greedy for largest coefficients, with
M ≤ maxα1α2n1, {Cql(K+ l − 1)}.
Proof. Fix a finite set A ⊂ N with 0 < |A| 6∈ n, and x, ε ∈ ΨA as in Definition 3.9. If
|A| < n1, let i be any element of A. We have
‖1εA‖ ≤ |A|α1 ≤ n1α1|e∗i (1εA + x)| ≤ n1α1α2‖1εA + x‖. (3.27)
If |A| > n1, let
k0 := max
k∈N
{nk < |A|}.
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As nk0 < |A| < nk0+1 ≤ lnk0 , there is j ∈ N, 2 ≤ j ≤ l, and a partition of A into
disjoint nonempty sets (Ai)1≤i≤j with the following properties:
|A1| ≤ nk0 , |Ai| = nk0∀2 ≤ i ≤ j, and Ai−1 < Ai∀2 ≤ i ≤ j. (3.28)
For all 2 ≤ i ≤ j, we have
‖1εAi‖ ≤ Cql‖1εAi + 1εA\Ai + x‖ = Cql‖1εA + x‖. (3.29)
This inequality holds for A1 if |A1| = nk0. On the other hand, if 0 < |A1| < nk0 ,
choose D ⊂ A\A1 so that |A1∪D| = nk0 . Applying the Schauder condition and then
the same argument as above, we obtain
‖1εA1‖ ≤ K‖1εA1∪D‖ ≤ KCql‖1εA1∪D + 1εA\(A1∪D) + x‖ = KCql‖1εA + x‖. (3.30)
From (3.28), (3.29) and (3.30) it follows that
‖1εA‖ ≤
j∑
i=1
‖1εAi‖ ≤ (j−1)Cql‖1εA+x‖+KCql‖1εA+x‖ ≤ Cql(K+ l−1)‖1εA+x‖.
From this and (3.27) we conclude that B is M-quasi-greedy for largest coefficients,
with M as in the statement. 
3.3. Discussion on the Schauder condition. In Lemma 3.13 and Theorem 3.14,
we proved that for n with bounded gaps, Schauder bases that are n-superdemocratic
are superdemocratic, and Schauder bases that are n-quasi-greedy for largest coef-
ficients bases are quasi-greedy for largest coefficients. We do not know whether the
Schauder condition is necessary in general, but when a basis is both n-superdemocratic
and n-quasi-greedy for largest coefficients, by Proposition 3.10 and Theorem 3.12 it is
symmetric for largest coefficients, or equivalently, superdemocratic and quasi-greedy
for largest coefficients. We can also replace the Schauder condition in Lemma 3.13 by
unconditionality for constant coefficients.
Lemma 3.15. Suppose n is a sequence with l-bounded gaps, and B is a basis that is
Ku-unconditional for constant coefficients. If B is ∆d-n-democratic, it is superdemo-
cratic with constant no greater than
max{α1α2n1, lK2u∆d}.
Similarly, if B is ∆s-n-superdemocratic, it is superdemocratic with constant no greater
than
max{α1α2n1, lKu∆s}.
Proof. First we consider the case where B is n-democratic. Fix nonempty sets A,B ⊂
N with |A| = |B| 6∈ n, and ε ∈ ΨA, ε′ ∈ ΨB. The case |A| < n1 is handled as in the
proof of Lemma 3.13. If |A| > n1, let
k0 := max
k∈N
{nk < |A|}.
Choose B1 ⊂ B with |B1| = nk0 , a partition {Ai}1≤i≤j of A so that 2 ≤ j ≤ l and
|Ai| ≤ nk0 for all 1 ≤ i ≤ j, and sets {Di}1≤i≤j so that Ai ⊂ Di and |Di| = nk0 for all
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1 ≤ i ≤ j. For each 1 ≤ i ≤ j, we have
‖1εAi‖ ≤ max
ǫ∈{−1,1}
‖1εAi + ǫ1Di\Ai‖ ≤ Ku‖1Di‖ ≤ Ku∆d‖1B1‖
≤ Ku∆d max
ǫ∈{−1,1}
‖1B1 + ǫ1B\B1‖ ≤ K2u∆d‖1ε′B‖. (3.31)
Hence, by the triangle inequality, we obtain
‖1εA‖ ≤ lK2u∆d‖1ε′B‖.
By Remark 3.5, this completes the proof of the n-democratic case.
The case where B is n-superdemocratic is proven by essentially the same argument.
The only differences are that we get
‖1εAi‖ ≤ max
ǫ∈{−1,1}
‖1εAi + ǫ1Di\Ai‖ ≤ ∆s‖1B1‖
≤ ∆s max
ǫ∈{−1,1}
‖1B1 + ǫ1B\B1‖ ≤ Ku∆s‖1ε′B‖
instead of (3.31), so we also get ∆s instead of Ku∆d in the upper bound for C. 
In [3, Theorem 5.2], it is proven that if n has bounded gaps, every n-quasi-greedy
Schauder basis is quasi-greedy. We do not know whether the implication holds without
the Schauder condition, but the next result shows that it does if the basis has the
n-UL property and is n-democratic.
Proposition 3.16. Suppose n is a sequence with l-bounded gaps, and B is a basis that
is Cq,t-t-n-quasi-greedy and has the n-UL-property with constants C1 and C2. Then,
the following hold:
i) If B is ∆d-n-democratic, it is C-t-quasi-greedy with
C ≤ max{α1α2n1,Cq,t (1 + (l − 1)C1C2∆d)},
and is ∆-symmetric for largest coefficients with
∆ ≤ max{1 + 2α1α2n1, 1 + 2(1 + l)(1 +Cq,t(1 +C1C2∆d))2}.
ii) If B is ∆s-n-superdemocratic, it is C-t-quasi-greedy with
C ≤ max{α1α2n1,Cq,t (1 + (l − 1)C1∆s)},
and is ∆-symmetric for largest coefficients with
∆ ≤ max{1 + 2α1α2n1, 1 + 2(1 + l)(1 +Cq,t(1 + ∆s))2}.
Proof. i) Fix x ∈ X and A a t-greedy set for x with |A| 6∈ n. If |A| < n1, then
||PA(x)|| ≤
∑
i∈A
|e∗i (x)| ||ei|| ≤ α1α2n1‖x‖.
If |A| > n1, define
k0 := max
k∈N
{nk < |A|},
and let {Ai}1≤i≤j be a partition of A such that 2 ≤ j ≤ l, A1 is an nk0-greedy set for
PA (x), and |Ai| ≤ nk0 for all 2 ≤ i ≤ j. Since A1 is a t-greedy set for x of cardinality
nk0 , we have
||PA1(x)|| ≤ Cq,t‖x‖. (3.32)
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For every 2 ≤ i ≤ j, choose Ai ⊂ Di such that |Di| = nk0 . Given that for every
2 ≤ i ≤ j,
max
m∈Ai
|e∗m(x)| ≤ min
m∈A1
|e∗m(x)| ,
using convexity and the n-UL and the n-democracy properties we obtain
||PAi(x)|| ≤ max
m∈Ai
|e∗m(x)| sup
ε∈ΨAi
||1εAi|| ≤ min
m∈A1
|e∗m(x)| sup
ε∈ΨDi
||1εDi ||
≤ min
m∈A1
|e∗m(x)|C2 ||1Di|| ≤ C2∆d min
m∈A1
|e∗m(x)| ||1A1 ||
≤ C1C2∆d ||PA1(x)|| . (3.33)
Combining this result with (3.32) and using the triangle inequality, we get
||PA(x)|| ≤
j∑
i=1
||PAi(x)|| ≤ Cq,t (1 + (l − 1)C1C2∆d) ‖x‖.
This proves that B is t-quasi-greedy with constant as in the statement. To prove
that it is symmetric for largest coefficients, we apply Proposition 3.10 and Theo-
rem 3.12, considering that B is Cql-n-quasi-greedy for largest coefficients and ∆s-n-
superdemocratic, with Cql ≤ Cq,t, and ∆s ≤ C1C2∆d.
ii) This is proven by essentially the same argument as the previous case. The only
differences are that instead of (3.33), we obtain
||PAi(x)|| = max
m∈Ai
|e∗m(x)| sup
ε∈ΨAi
||1εAi|| ≤ min
m∈A1
|e∗m(x)| sup
ε∈ΨDi
||1εDi ||
≤ min
m∈A1
|e∗m(x)|∆s ||1A1||
≤ C1∆s ||PA1(x)||
(and thus, we also get ∆s instead of C2∆d in the upper bound for C), and that we
apply Proposition 3.10 using the hypothesis that B is ∆s-n-superdemocratic. 
4. n-bidemocracy
In 2003, S. J. Dilworth et al. ([12]) studied conditions under which the dual basis
of a greedy (resp. almost greedy) basis is also greedy (resp. almost greedy). In
this context, they introduced the notion of bidemocracy, which we extend in this
section. First, we need the notion of the fundamental function of a basis: take Y as
the subspace of X∗ spanned by B∗, and define
1∗εA[B∗,Y] := 1∗εA =
∑
n∈A
εne
∗
n.
We define the fundamental function ϕ of B and the fundamental function ϕ∗ of B∗
by
ϕ(m) := sup
|A|≤m,|ε|=1
‖1εA‖ ∀m ∈ N,
and
ϕ∗(m) := sup
|A|≤m,|ε|=1
‖1∗εA‖ ∀m ∈ N.
Using these functions, we say that a basis is bidemocratic if
ϕ(m)ϕ∗(m) . m, ∀m ∈ N.
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Remark 4.1. Traditionally, the function ϕ(m) has been defined using ε ≡ 1. Our
definition is equivalent since
sup
|A|≤m
‖1A‖ ≤ ϕ(m) ≤ 2κ sup
|A|≤m
‖1A‖.
The following result was proven in [12].
Theorem 4.2. Let B a quasi-greedy (resp. unconditional) basis. The following are
equivalent:
i) B is bidemocratic.
ii) B and B∗ are both almost greedy (resp. greedy).
Here, we define the notion of n-bidemocracy for any sequence n, and study duality
of n-t-quasi greedy bases.
Definition 4.3. We say that a basis B is n-bidemocratic if there exists a positive
constant C such that
ϕ(n)ϕ∗(n) ≤ Cn, ∀n ∈ n. (4.1)
The smallest constant verifying (4.1) is denoted by ∆b and we say that B is ∆b-n-
bidemocratic. If n = N, we say that B is ∆b-bidemocratic.
Remark 4.4. Note that B∗ is a basis for Y, then B∗∗ = (eˆi
∣∣
Y
)i ⊂ Y∗, where xˆ ∈ X∗∗
is the image of x ∈ X via the canonical inclusion X →֒ X∗∗. Hence, ϕ∗∗(m) ≤ ϕ(m)
for all m. In particular, this implies that if B is ∆b-n-bidemocratic, then B∗ is C-n-
bidemocratic with C ≤ ∆b.
We will show that if B is an n-bidemocratic, n-quasi-greedy basis, then the dual
basis is also n-quasi-greedy, and in fact, the WTGA for the sequence n also converges
for all 0 < t ≤ 1. First we prove an auxiliary result.
Lemma 4.5. Let B be a basis, and let A and B be nonempty sets of positive integers.
If B is a t-greedy set for x∗ ∈ X∗, then
|(x∗ − PBx∗)(PAx)| ≤ t−1ϕ∗(|A|)ϕ(|B|)|B|−1‖x‖‖x∗‖ ∀x ∈ X. (4.2)
Similarly, if A is a t-greedy set for x ∈ X, then
|PBx∗(x− PAx)| ≤ t−1ϕ∗(|A|)ϕ(|B|)|A|−1‖x‖‖x∗‖ ∀x∗ ∈ X∗. (4.3)
Proof. To prove (4.2), choose ε′ ∈ ΨB so that x∗(ei)εi = |x∗(ei)| for all i ∈ B. Using
convexity (see for instance [8, Lemma 2.7]), we obtain:
|(x∗ − PBx∗)(PAx)| = |
∑
i∈A\B
x∗(ei)e
∗
i (x)| ≤ ‖
∑
i∈A\B
x∗(ei)e
∗
i ‖‖x‖
≤ max
i∈A\B
|x∗(ei)|ϕ∗(|A|)‖x‖ ≤ t−1min
i∈B
|x∗(ei)|ϕ∗(|A|)‖x‖
≤ t−1|B|−1
∑
i∈B
|x∗(ei)|ϕ∗(|A|)‖x‖
= t−1|B|−1|x∗(1ε′B)|ϕ∗(|A|)‖x‖
≤ t−1ϕ∗(|A|)ϕ(|B|)|B|−1‖x‖‖x∗‖.
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This completes the proof of (4.2). To prove (4.3), we use (4.2) and Remark 4.4 to
obtain
|PBx∗(x− PAx)| = |(xˆ
∣∣
Y
− PAxˆ
∣∣
Y
)(PBx
∗)| ≤ t−1ϕ∗(|A|)ϕ∗∗(|B|)|A|−1‖x∗‖‖xˆ∣∣
Y
‖
≤ t−1ϕ(|B|)ϕ∗(|A|)|A|−1‖x∗‖‖x‖.

Proposition 4.6. Let B be a ∆b-n-bidemocratic basis, and 0 < s ≤ 1. Then:
i) If B is Cq,s-n-s-quasi-greedy, then for all 0 < t ≤ 1, B is Cq,t-n-t-quasi-greedy
and B∗ is C∗q,t-n-t-quasi-greedy, with
Cq,t ≤ 2∆b + s−1∆b + t−1∆b +Cq,s
and
C∗q,t ≤ Cq,s + s−1∆b + t−1∆b. (4.4)
ii) If B∗ is Cq,s-n-s-quasi-greedy, then for all 0 < t ≤ 1, B is Cq,t-n-t-quasi-greedy
and B∗ is C∗q,t-n-t-quasi-greedy, with
Cq,t ≤ Cq,s + s−1∆b + t−1∆b (4.5)
and
C∗q,t ≤ 2∆b + s−1∆b + t−1∆b +Cq,s.
Proof. i) Fix x∗ ∈ X∗ with ‖x∗‖ = 1, and B a t-greedy set for x∗ with |B| ∈ n. Given
x ∈ X with ‖x‖ = 1, choose A an s-greedy set for x so that |A| = |B|. Applying
Lemma 4.5 we obtain
|PBx∗(x)| ≤ |PBx∗(x− PAx)|+ |x∗(PAx)| + |(x∗ − PBx∗)(PAx)|
≤ s−1ϕ∗(|A|)ϕ(|B|)|A|−1 +Cq,s + t−1ϕ∗(|A|)ϕ(|B|)|B|−1
≤ Cq,s + s−1∆b + t−1∆b.
As x and x∗ are arbitrary, it follows that B∗ is C∗q,t-t-quasi-greedy, with C∗q,t as in the
statement.
Now fix x ∈ X with ‖x‖ = 1 and A a t-greedy set for x. Given x∗ ∈ X∗ with ‖x∗‖ = 1,
choose B a greedy set for x∗ so that |B| = |A|. By Lemma 4.5 and (4.4),
|x∗(PAx)| ≤ |(x∗ − PBx∗)(PAx)|+ |PBx∗(x− PAx)|+ |PBx∗(x)|
≤ ϕ∗(|A|)ϕ(|B|)|B|−1 + t−1ϕ∗(|A|)ϕ(|B|)|A|−1 +Cq,s + s−1∆b +∆b
≤ 2∆b + s−1∆b + t−1∆b +Cq,s.
Since x and x∗ are arbitrary, the proof of i) is complete.
ii) Fix x ∈ X with ‖x‖ = 1, and A a t-greedy set for x with |A| ∈ n. Given x∗ ∈ X∗
with ‖x∗‖ = 1, choose B an s-greedy set for x∗ so that |B| = |A|. By Lemma 4.5 we
get
|x∗(PAx)| ≤ |(x∗ − PBx∗)(PAx)| + |PBx∗(x− PAx)|+ |PBx∗(x)|
≤ s−1ϕ∗(|A|)ϕ(|B|)|B|−1 + t−1ϕ∗(|A|)ϕ(|B|)|A|−1 +Cq,s
≤ Cq,s + s−1∆b + t−1∆b.
It follows that B is Cq,t-n-t-quasi-greedy and (4.5) holds. Now the proof is completed
by the same argument given in the proof of i), with only minor adjustments. 
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Clearly, if B is bidemocratic, then B is n-bidemocratic for any n. The converse is
false for sequences with arbitrarily large gaps, as Example 7.1 shows. On the other
hand, for sequences with bounded gaps we have the following result.
Proposition 4.7. Let B be a basis, and n a sequence with l-bounded gaps. If B is
n-∆b-bidemocratic, it is B-bidemocratic with
B ≤ max {α1α2n1, l∆b} .
Proof. Take m ∈ N. If m < n1, we have the following trivial bound:
ϕ(m)ϕ∗(m) ≤ α1α2m2 ≤ α1α2n1m.
Assume now that there exists k ∈ N such that nk ≤ m < nk+1. Since n has l-bounded
gaps, we have
ϕ(m)ϕ∗(m) ≤ ϕ(nk+1)ϕ∗(nk+1) ≤ ∆bnk+1 ≤ l∆bnk ≤ l∆bm.

It is proven in [12, Proposition 4.2] that every bidemocratic basis is superdemo-
cratic. Next, we extend that result to the case of n-bidemocratic bases, and add the
implications for n-symmetry for largest coefficients and the n-UL property.
Lemma 4.8. Let B be a ∆b-n-bidemocratic basis. The following hold:
i) B is ∆s-n-superdemocratic, with ∆s ≤ ∆b.
ii) B is ∆-n-symmetric for largest coefficients, with ∆ ≤ 1 + 2∆b.
iii) B has the n-UL property, with max{C1,C2} ≤ ∆b.
Proof. i) Take A,B such that |A| = |B| ∈ n, ε ∈ ΨA and ε′ ∈ ΨB. Hence, if ε′ is the
conjugate of ε′,
‖1εA‖ ≤ ∆b |B|‖1∗
ε′B
‖ = ∆b
1∗
ε′B
(1ε′B)
‖1∗
ε′B
‖ ≤ ∆b‖1
∗
ε′B‖.
Thus, by Remark 3.5, B is ∆s-superdemocratic with ∆s ≤ ∆b.
ii) Take A,B such that |A| = |B| ∈ n, x ∈ X such that |e∗n(x)| ≤ 1 ∀n ∈ N,
A ∩ B = ∅, supp(x) ∩ (A ∪B) = ∅, ε ∈ ΨA and ε′ ∈ ΨB. Then,
‖x+ 1εA‖ ≤ ‖x+ 1ε′B‖+ 2max{‖1εA‖, ‖1ε′B‖}. (4.6)
Define now the element y := x+ 1ε′B. Thus,
max{‖1εA‖, ‖1ε′B‖} ≤ min
n∈B
|e∗n(y)|ϕ(|B|) ≤ ∆bmin
n∈B
|e∗n(y)|
|B|
‖1∗
ε′B
‖
≤ ∆b
∑
n∈B |e∗n(x+ 1ε′B)|
‖1∗
ε′B
‖ = ∆b
1∗
ε′B
(x+ 1ε′B)
‖1∗
ε′B
‖
≤ ∆b‖x+ 1ε′B‖. (4.7)
By (4.6), (4.7) and Lemma 3.4, B is n-symmetric for largest coefficients with con-
stant ∆ ≤ 1 + 2∆b.
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iii) Consider a sequence of scalars (an)n∈A with A a finite set with |A| ∈ n. On the
one hand,
‖
∑
n∈A
anen‖
convexity
≤ max
n∈A
|an|ϕ(|A|)
i)
≤ ∆bmax
n∈A
|an|‖1A‖. (4.8)
To show that
min
n∈A
|an|‖1A‖ ≤ ∆b‖
∑
n∈A
anen‖, (4.9)
we only have to repeat the argument used to show (4.7). Then, B has the n-UL
property with constants {C1,C2} ≤ ∆b. 
Finally, as in the previous section, we consider the Schauder condition. Concretely,
we give a brief corollary showing that we can replace it with bidemocracy in [3,
Theorem 5.2] to prove that the basis is quasi-greedy.
Corollary 4.9. Let B be a basis, and n a sequence with l-bounded gaps. If B is ∆d-n
-bidemocratic and Cq,t-n-t-quasi-greedy, it is C-t-quasi-greedy with
C ≤ max{α1α2n1,Cq,t
(
1 + (l − 1)∆2b
)},
and is M-superdemocratic with
M ≤ max {α1α2n1, l∆b} .
Proof. By Lemma 4.8, B is ∆s-n-superdemocratic and has the n-UL property with
constants C1 and C2 such that
max{C1,C2,∆s} ≤ ∆b.
Then, by Proposition 3.16, B is C-t-quasi-greedy with
C ≤ max{α1α2n1,Cq,t
(
1 + (l − 1)∆2b
)}.
By Proposition 4.7 and Lemma 4.8, B is M-superdemocratic, with M as in the state-
ment. 
5. Some n-greedy-type bases
In greedy approximation theory, there are several ways to study the convergence
of the TGA. For instance, for quasi-greedy bases the algorithm converges, but we do
not know how fast it does. To study other types of convergence, we can consider
among others greedy bases ([15]), almost greedy bases ([12]), semi-greedy bases ([11]),
partially greedy bases ([12]) and strong partially greedy bases ([5]). Here, we study
the extensions of some of these notions - as well as some closely related ones -. In
[17], the two following extensions were considered.
Definition 5.1. We say that a basis B is n-greedy if there exists a positive constant
C such that
‖x−Gn(x)‖ ≤ C inf
| supp(y)|≤n
‖x− y‖, ∀x ∈ X, ∀Gn ∈ Gn, ∀n ∈ n. (5.1)
Definition 5.2. We say that a basis B is n-almost greedy if there exists a positive
constant C such that
‖x−Gn(x)‖ ≤ C inf
|A|≤n
‖x− PA(x)‖, ∀x ∈ X, ∀Gn ∈ Gn, ∀n ∈ n. (5.2)
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If n = N, we recover the classical definition of greedy and almost-greedy bases.
One interesting result is in [17, Remark 1.1], where the author proved that for any
sequence n, n-greediness (resp. n-almost greediness) is equivalent to greediness (resp.
almost greediness) and this fact does not happen for n-quasi-greedy bases as we have
mentioned at the beginning of the paper.
Remark 5.3. Although we have considered n-greediness and n-almost greediness for
t = 1, we can extend this version to the WTGA, and combining [17, Remark 1.1] with
[20, Theorem 1.5.1] (resp. [20, Theorem 1.5.4]), we can obtain that for any basis B,
the following are equivalent.
i) B is n-t-greedy (resp. n-t-almost greedy).
ii) B is t-greedy (resp. t-almost greedy)
iii) B is greedy (resp. almost greedy) .
iv) B is n-greedy (resp. n-almost greedy).
As Oikhberg also proved that the n-quasi-greedy property is not equivalent to the
quasi-greedy property ([17, Proposition 3.1]), it is natural to ask whether equivalence
holds for other intermediate properties. For example, per [15], it is known that a basis
is greedy if and only if it is unconditional and democratic. Thus, for seminormalized
bases, the notion of unconditionality lies between those of quasi-greediness and greedi-
ness. Does n-unconditionality - defined in a natural manner - entail unconditionality?
Similarly, in this context we can ask whether the equivalence between greediness on
one hand and unconditionality plus democracy on the other hand, holds for the respec-
tive extensions, namely n-greediness, n-unconditionality, and n-democracy. Similar
questions arise for other greedy-like properties. This section is dedicated to the study
of some of these questions. We begin with the following definition, which extends the
notion of unconditionality - or more precisely, the equivalent notion of suppression
unconditionality - to the context of sequences with gaps.
Definition 5.4. We say that a basis B is n-suppression unconditional if there exists
a positive constant C such that
‖PA(x)‖ ≤ C‖x‖, ∀x ∈ X, ∀A ⊂ N : |A| ∈ n. (5.3)
The smallest constant verifying (5.3) is denoted by Ks and we say that B is Ks-n-
suppression unconditional. If n = N, we say that B is Ks-suppression unconditional.
It is immediate that suppression unconditionality entails n-suppression uncondi-
tionality. It turns out that the reverse implication holds as well.
Proposition 5.5. Let B be a Ks-n-suppression unconditional basis. Then, B is Ks-
suppression unconditional.
Proof. Let A ⊂ N be a finite set and x ∈ X with finite support. Define the element
z := x+ ε1C , where C > supp(x) is such that |A|+ |C| ∈ n. We have
‖PA(x)‖ ≤ ‖PA∪C(z)‖+ ε‖1C‖ ≤ Ks‖x‖+ (1 +Ks)ε‖1C‖.
Letting ε → 0 and using the density of elements of finite support, we conclude that
the basis is Ks-suppression unconditional. 
Combining 5.5 and the aforementioned results from [17], it follows that a basis is
n-greedy if and only if it is n-unconditional and democratic. Now, can we replace
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democracy by n-democracy? It turns out the answer is negative in general. In fact,
we have the following result.
Proposition 5.6. Suppose n has arbitrarily large gaps. Then, there is a Banach space
X with a basis B that is unconditional and n-superdemocratic, but not democratic and
thus, not greedy.
Proof. See Remark 7.2. 
On the other hand, equivalence does hold for sequences with bounded gaps.
Theorem 5.7. Suppose n has bounded gaps. Then a basis B is n-greedy if and only
if B is n-unconditional and n-democratic.
Proof. If B is n-greedy, by [17, Remark 1.1] it is greedy and then, using the main
result of [15], it is unconditional and democratic. Now, if B is n-unconditional and
n-democratic, by Lemma 3.13 and Proposition 5.5, the basis is unconditional and
democratic. Thus, it is greedy, or equivalently n-greedy. 
Similar results hold for the property of being almost greedy and the usual charac-
terization in terms of quasi-greediness and democracy or superdemocracy.
Proposition 5.8. Suppose n has arbitrarily large gaps. Then, there is a Banach space
X with a Schauder basis B that is n-quasi-greedy and n-superdemocratic, but neither
democratic nor quasi-greedy.
Proof. See Example 7.1. 
Theorem 5.9. Suppose n has bounded gaps. Then a Schauder basis B is n-almost-
greedy if and only if it is n-quasi-greedy and n-democratic.
Proof. If B is n-almost greedy, by [17, Remark 1.1] it is almost greedy and then, using
the characterization of these bases proved in [12], it is quasi-greedy and democratic.
Now, if B is n-quasi-greedy and n-democratic, by [3, Theorem 5.2] and Lemma 3.13,
it is quasi-greedy and democratic and then almost greedy and n-almost greedy. 
5.1. Semi-greedy bases. We turn now our attention to the semi-greedy property,
extended to our context. In order to define n-t-semi-greedy bases, we could extend
the definicion of t-weak-semi-greedy bases from [4] to the context of sequences with
gaps, or give a definition in line with those of n-t-quasi-greedy, n-t-almost greedy and
n-t-greedy bases from [17]. Given our context, we choose the second option, but as
we shall see, we obtain equivalent notions with either one of them.
Definition 5.10. We say that B is n-t-semi-greedy if there exists a positive constant
C such that for all n ∈ n, x ∈ X, and A any t-greedy set for x of cardinaltity n, there
is z ∈ X with supp (z) ⊂ A such that
‖x− z‖ ≤ C inf
| supp (y)|≤n
‖x− y‖. (5.4)
The n-t-semi-greedy constant of the basis Csg,t is the minimum C for which the above
inequality holds.
If n = N, we say that B is Csg,t-t-semi-greedy and, if in addition t = 1, we recover
the classical definition of semi-greedy bases from [11]. It is known that in this case,
the semi-greedy property is equivalent to the almost greedy property ([4], [6], [11]).
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As the t-almost greedy and n-t-almost greedy properties are equivalent, it is natural
to ask whether the n-t-semi-greedy property is also equivalent to the t-semi-greedy
property, and also to the s-semi-greedy property for all 0 < s ≤ 1. To prove that the
answers are affirmative, we will use the a separation property that we define next.
Definition 5.11 ([4]). Let (ui)i ⊂ X be a sequence in a Banach space. We say that
(ui)i has the finite dimensional separation property (or FDSP) if there is a positive
constant C such that for every separable subspace L ⊂ X and every ǫ > 0, there is a
basic subsequence (uik)k with basis constant no greater than C + ǫ and the following
property: for every finite dimensional subspace E ⊂ L there is jE ∈ N such that
‖x‖ ≤ (C+ ǫ)‖x+ z‖. (5.5)
for all x ∈ E and all z ∈ [uik : k > jE]. Any such subsequence is called a finite
dimensional separating subsequence for (L,C, ǫ), and the minimum C for which this
property holds is finite dimensional separation constant Mfs of (ui)i.
It is known that every Markushevich basis has this property (see [4, Proposition
3.11] for this result and estimates for the constant). We will also the following result,
which is part of [14, Theorem 7.1], restated for our purposes.
Theorem 5.12. Let B be an almost greedy basis with quasi-greedy constant Cq and
democracy constant ∆d. Then for every 0 < t ≤ 1, B is t-semi-greedy with constant
Csg,t that only depends on t, Cq and ∆d.
Now we can prove an equivalence result for n-t-semi-greedy bases.
Lemma 5.13. Let B be an Csg,t-n-t-semi-greedy basis. Then, B is Ksg,t-t-semi greedy
with Ksg,t ≤ Csg,tMfs. Moreover, for all 0 < s ≤ 1, B is s-semi greedy, with constant
only depending on s, Csg,t, and Mfs.
Proof. First we prove that B is t-semi greedy, with constant as in the statement.
Assume n 6= N, choose ǫ > 0, and let (eij )j be a separating subsequence for (X,Mfs, ǫ).
Given x ∈ X\{0}, m ∈ N\n, and D an m-t-greedy set for x, choose δ > 0 and y0 ∈ X
with | supp (y0)| ≤ m so that
‖x− y0‖ ≤ δ + inf
| supp (y)|≤m
‖x− y‖. (5.6)
Now pick n ∈ n so that n > m, let a := supi∈N |e∗i (x)|, and define
E := [x, ei : i ∈ D], B := {ijE+1, . . . , ijE+n−m}, and v := x+ (2a+ 1)1B.
Note that D ·∪ B is an n-t-greedy set for v. Hence, by the n-t-semi-greedy condition
there is z ∈ X with supp (z) ⊂ D ·∪B such that
‖v − z‖ ≤ Csg,t‖v − (y0 + (2a+ 1)1B)‖ = Csg,t‖x− y0‖.
From this and (5.6), applying the separation condition we obtain
‖x− PD(z)‖ ≤ (Mfs + ǫ)‖x− PD(z) + (2a+ 1)1B − PB(z)‖ = (Mfs + ǫ)‖v − z‖
≤ (Mfs + ǫ)Csg,t‖x− y0‖ ≤ (Mfs + ǫ)Csg,t(δ + inf
| supp (y)|≤m
‖x− y‖).
Taking minimum on the left-hand side of the inequality and letting δ → 0 and then
ǫ→ 0, it follows that
min
supp (u)⊂D
‖x− u‖ ≤ Csg,tMfs inf
| supp (y)|≤m
‖x− y‖.
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This proves that B is Ksg,t-t-semi greedy with Ksg,t ≤ Csg,tMfs. In particular, it is
semi-greedy with constant no greater than Csg,tMfs. Hence, by [4, Theorem 4.2], it
is almost greedy with democratic and quasi-greedy constants depending only on Csg,t
and Mfs. Now Theorem 5.12 entails that for all 0 < s ≤ 1, B is s-semi greedy, with
constant as in the statement. 
Remark 5.14. If B has a weakly null subsequence, then by [4, Proposition 3.11] we
have Mfs = 1, so Lemma 5.13 gives Ksg,t = Csg,t. Similarly, if B is Schauder with
basis constant K, then Mfs ≤ K, so we get Ksg,t ≤ Csg,tK.
As we mentioned, a natural extension of the definition of t-weak-semi-greedy bases
from [4] to our context would still result in an equivalent notion. The proof is very
similar to that of Lemma 5.13 - with some minor differences due to the fact that we
may not choose the t-greedy set -, so we shall be brief.
Lemma 5.15. Let 0 < t ≤ 1 and C > 0. Suppose B is a basis with the property
that for all n ∈ n and all x ∈ X, there is z ∈ X with support in a t-greedy for x of
cardinality n such that
‖x− z‖ ≤ C inf
| supp (y)|≤n
‖x− y‖. (5.7)
Then, for all x ∈ X and all m ∈ N, there is a t-greedy set A for x with |A| = m and
z ∈ X with supp (z) ⊂ A such that
‖x− z‖ ≤ CMfs inf
| supp (y)|≤n
‖x− y‖.
Hence, by [4, Theorem 4.2], B is almost greedy.
Proof. Assume n 6= N, choose ǫ > 0, and let (eij )j be a separating sequence for
(X,Mfs, ǫ). Given x0 ∈ X \ {0} with finite support and m ∈ N \ n, choose δ > 0 and
y0 ∈ X with | supp (y0)| ≤ m so that
‖x0 − y0‖ ≤ δ + inf
| supp (y)|≤m
‖x0 − y‖.
Clearly, we may assume that | supp(x0)| > m. Now pick n ∈ n so that n > m, let
a := supi∈N |e∗i (x0)|, and define
E := [ei : i ∈ supp (x0)], B := {ijE+1, . . . , ijE+n−m}, and v := x0 + (2at−1 + 1)1B,
Let A be a t-greedy set for v with |A| = n and z ∈ X with supp(z) ⊂ A such that
(5.7) holds for x = v. Since
t|e∗i (v)| > |e∗j (v)| ∀i ∈ B ∀j 6∈ B and supp (x0) ∩ B = ∅,
it follows that B ⊂ A, and then A \B is a t-greedy set for x0 of cardinality m. Now
the proof is completed by the same argument of Lemma 5.13 and density. 
Remark 5.16. The FDSP can also be used to improve the result of Lemma 3.13 for
n-democratic Schauder bases with weakly null subsequences, Indeed, for such bases,
by a suitable choice of the set D, instead of ‖1A1‖ ≤ K‖1A1∪D‖ in (3.25), we can
obtain ‖1A1‖ ≤ (1 + δ)‖1A1∪D‖ for any arbitrary δ > 0, so this gives l∆dK instead of
∆dK(l − 1 +K) in (3.22). In particular, this holds for any B such that ϕ(n) 6≍ n.
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6. n-partially greedy and n-strong partially greedy bases
The results of [17], Proposition 5.5 and Lemmas 5.13 and 5.15 show that some
of the known properties that lie between that of being quasi-greedy and greedy are
equivalent to their counterparts for sequences with gaps. This suggests the question
of whether one can find, amongst the properties generally studied in connection to
the TGA, one or more for which this is not the case, so that one can obtain a new
class of bases with the property that the rate of convergence of the TGA and WTGA
with gaps is improved with respect to that of n-t-quasi-greedy bases.
It turns out that the properties of being partially greedy and strong partially greedy -
which are equivalent for Schauder bases, as are their counterparts for sequences with
gaps - meet the criteria. The first one of these properties was introduced in [12] for
Schauder bases, whereas the second one was introduced in [5] (and recently considered
in the context of quasi-Banach spaces in [7]) in order to facilitate the extension of the
notion of partial greediness to the context of Markushevich bases. The main purposes
of this section are to extend the concepts of partially greedy and strong partially greedy
bases to our context, study some of their basic properties and their relations to some
well-known properties and their natural extensions, and characterize the sequences
n for which there are bases that are n-(strong) partially greedy but not partially
greedy. We begin with the central definitions, where we also follow [17] in extending
the notions from the TGA to the WTGA.
Definition 6.1. For 0 < t ≤ 1, we say that B is n-t-partially greedy if there is a
positive constant C such that
‖x−Gtn(x)‖ ≤ C‖x− Sn(x)‖, ∀x ∈ X, ∀Gtn ∈ Gtn, ∀n ∈ n. (6.1)
The minimum C for which the above inequality holds is the n-t-partially greedy con-
stant of B, which we denote by Cp,t.
Definition 6.2. For 0 < t ≤ 1, we say that B is n-t-strong partially greedy if there is
a positive constant C such that
‖x−Gtn(x)‖ ≤ C inf
0≤k≤n
‖x− Sk(x)‖, ∀x ∈ X, ∀Gtn ∈ Gtn, ∀n ∈ n. (6.2)
The minimum C for which the above inequality holds is the n-t-strong partially greedy
constant of B, which we denote by Csp,t.
Remark 6.3. Note that any n-t-strong partially greedy basis is also n-t-quasi-greedy
and n-t-partially greedy, whereas any n-t-partially greedy Schauder basis is n-t-strong
partially greedy with Csp,t ≤ Cp,t(1 +K).
For n = N and t = 1, we recover the notions of partially greedy and strong partially
greedy bases from [12] and [5] respectively, and we use the notation Cp and Csp. As
in both papers, the notion of conservativeness and some related properties are the
main tools used to characterize these bases, our next step is to extend some of those
concepts to the context of sequences with gaps.
Definition 6.4. We say that a basis B is n-superconservative if there exists a positive
constant C such that
‖1εA‖ ≤ C‖1ε′B‖, (6.3)
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for all A,B ⊂ N with |A| ≤ |B|, |A|, |B| ∈ n, A < B, and ε ∈ ΨA, ε′ ∈ ΨB.
The smallest constant verifying (3.1) is denoted by ∆sc and we say that B is ∆sc-n-
superconservative.
If (6.3) is satisfied for ε ≡ ε′ ≡ 1, we say that B is ∆c-n-conservative, where ∆c is
the smallest constant for which the inequality holds.
For n = N, we say that B is ∆sc-superconservative and ∆c-conservative.
Remark 6.5. Note that for sequences with bounded gaps and Schauder bases, these
properties are equivalent to their standard counterparts. Indeed, the arguments in the
proof of Lemma 3.13 are also valid in this context, with a small modification so that
the set D > A1 is also contained in A.
While these extensions of the properties of being conservative and superconser-
vative appear to be the most natural ones and are in line with the extensions of
the concepts of democracy and superdemocracy in Definition 3.1, it turns that two
other, perhaps less natural conservative-like properties are more closely connected to
n-partially greedy and n-strong partially greedy bases, and thus are more useful tools
for studying them.
Definition 6.6. We say that a basis B is n-order-superconservative if there exists a
positive constant C such that
‖1εA‖ ≤ C‖1ε′B‖, (6.4)
for all A,B ⊂ N with |A| = |B| for which there is n ∈ n such that A ≤ n < B, and
all ε ∈ ΨA, ε′ ∈ ΨB. The smallest constant verifying (3.1) is denoted by ∆osc and we
say that B is ∆osc-n-order-superconservative. If (6.4) is satisfied for ε ≡ ε′ ≡ 1, we
say that B is ∆oc-n-order-conservative, where ∆oc is the smallest constant for which
the inequality holds.
For n = N, we say that B is ∆oc-order-conservative or ∆osc-order-superconservative.
Remark 6.7. For Schauder bases, one can replace the condition |A| = |B| with |A| ≤
|B| in (6.6), obtaining an equivalent definition. It follows easily that a Schauder basis is
order-superconservative (resp. order-conservative) if and only if it is superconservative
(resp. conservative).
We shall see later (Proposition 6.12) that n-strong partially greedy bases are not
necessarily n-conservative. On the other hand, the implication holds for n-order-
conservativeness, as our next lemma shows.
Lemma 6.8. If B is n-partially greedy, it is n-order-superconservative, with ∆osc ≤
Cp.
Proof. Fix A, B, n, ε ∈ ΨA, ε′ ∈ ΨB as in Definition 6.6. Let
D := {1, . . . , n} \ A and x := 1εA + 1D + 1ε′B.
Since B ∪D is an n-greedy set for x, we have
‖1εA‖ = ‖x− PB∪D(x)‖ ≤ Cp‖x− Sn(x)‖ = Cp‖1ε′B‖.

For sequences with arbitrarily large gaps, we have the following result.
Proposition 6.9. Let n be a sequence with arbitrarily large gaps. The following hold:
28 M. BERASATEGUI AND P. M. BERNA´
i) There is a space X with a monotone Schauder basis B that is n-t-strong par-
tially greedy for all 0 < t ≤ 1, but neither conservative nor quasi-greedy.
ii) There is a space X with a monotone Schauder basis B that is n-superdemocratic
and n-t-quasi greedy for all 0 < t ≤ 1, but not n-order-conservative, and thus
not n-partially greedy.
Proof. .
i) See Example 7.3.
ii) See Example 7.1. 
We turn our attention now to sequences with bounded gaps. For such sequences, we
do have a characterization of n-partially greedy Schauder bases that is an extension
of that given in [12, Theorem 3.4]. In order to prove it, we need two auxiliary lemmas.
The first of them is an extension of [13, Lemma 2.1] to complex spaces that slightly
improves the bound obtained in [13, Lemma 6.3].
Lemma 6.10. Let B be a quasi-greedy basis. If 0 < t ≤ 1 and A is a t-greedy set for
x ∈ X, then
‖PA(x)‖ ≤ (Cq + 4t−1C2q)‖x‖.
Proof. For the case F = R, this result is just [13, Lemma 2.1], so we only need to
prove the case F = C. Suppose x ∈ X, and A is a t-greedy set for x. For each i ∈ N,
let
(zi; z
∗
i ) :=
{
(sign e∗i (x)ei, sign e
∗
i (x)
−1e∗i ) if e
∗
i (x) 6= 0,
(ei, e
∗
i ) otherwise.
Since |z∗i (z)| = |e∗i (z)| for all z ∈ X and all i ∈ N, (zi)i is also a quasi-greedy Marku-
shevich basis for X with constant Cq. Note that z
∗
i (x) = |e∗i (x)| for all i ∈ N. Let
T := {z ∈ X : z∗i (z) ∈ R ∀i ∈ N} .
It is easy to see that T is a Banach space over R with the norm given by the restriction
to T of the norm on X. Note that (zi)i is a minimal system in T with biorthogonal
functionals (z∗i
∣∣
L
)i, which inherits the property that z
∗
i (y) = 0 ∀i ∈ N =⇒ y = 0.
Since, for every for every y ∈ T, the coordinates of y with respect to (zi)i are the same
as they are when we consider y as an element of X, we have
lim
n→+∞
‖Gn(y)− y‖T = lim
n→+∞
‖Gn(y)− y‖ = 0
for all y ∈ T and every choice of greedy approximations, so (zi)i is a quasi-greedy
basis for T. For the same reason, the quasi-greedy constant of (zi)i as a basis for T
is no greater than Cq, and the t-greedy sets are also the same whether we consider y
as an element of X or of T. As a result, and since x ∈ T, we can apply the result for
real Banach spaces, obtaining
‖PA(x)‖ = ‖PA(x)‖Y ≤ (Cq + 4t−1C2q)‖x‖Y = (Cq + 4t−1C2q)‖x‖.

Next, we prove a lemma that holds for any sequence n, and for which we adapt
part of the proof of [12, Theorem 3.4] to our context.
Lemma 6.11. Let B be a basis. If B is quasi-greedy and n-order-conservative, it is
n-t-partially greedy for all 0 < t ≤ 1.
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Proof. Fix x ∈ X, n ∈ n, and let B := {i ∈ N : i ≤ n} and A a t-greedy set of order n
for x. If A = B, trivially ‖x−PA(x)‖ ≤ ‖x−Sn(x)‖. If A 6= B, then B\A ≤ n < A\B
and |B \ A| = |A \B|. Thus,
‖PB\A(x)‖
a)
≤ 2κCq max
i∈B\A
|e∗i (x)|‖1B\A‖ ≤ 2κt−1Cq∆oc min
i∈A\B
|e∗i (x)‖1A\B‖
b)
≤ 8κ2t−1C3q∆oc‖PA\B(x)‖ = 8κ2t−1C3q∆oc‖PA\B(x− Sn(x))‖,
where in Step a) we used [2, Proposition 2.1.11], and in Step b) we used [2, Corollary
2.1.15]. Since
‖PA\B(x)‖ = ‖PA\B(x− Sn(x))‖ ≤ (Cq + 4t−1C2q)‖x− Sn(x)‖ (by Lemma 6.10),
and
‖x− PA(x)‖ ≤ ‖x− Sn(x)‖ + ‖PA\B(x)‖+ ‖PB\A(x)‖,
the proof is complete. 
Now we can characterize n-partially greedy Schauder bases for sequences with
bounded gaps.
Proposition 6.12. Let B be a seminormalized Schauder basis. If n has bounded gaps,
the following are equivalent:
(i) B is quasi-greedy and n-order-superconservative.
(ii) B is n-quasi-greedy and n-order-conservative.
(iii) B is n-strong partially greedy.
(iv) B is n-partially greedy.
Proof. (i) =⇒ (ii) and (iii)=⇒ (iv) are immediate. As B is Schauder, (iv)=⇒ (iii) is
clear; (iii) =⇒ (i) follows by [8, Theorem 5.2] and Lemma 6.8; finally, (ii) =⇒ (iv)
follows by [8, Theorem 5.2] and Lemma 6.11 
As we have seen, for any sequence n with bounded gaps and Schauder bases,
the properties of being n-superdemocratic, n-democratic, n-superconservative, n-
conservative, and n-quasi greedy are each equivalent to their respective standard
counterpart (Lemma 3.13, Remark 6.5 and [3, Theorem 5.2]). So, it is natural in
this context to ask whether, for such sequences, n-partially greedy Schauder bases
are also partially greedy. The results below show that the answer is negative, and
characterize the sequences for which equivalence does hold. To establish these results,
we need to consider the additive gaps of a sequence of positive integers.
Definition 6.13. We say that a strictly increasing sequence n = (nk)k has m-bounded
additive gaps if
nk+1 ≤ nk +m
for all k ∈ N, and it has bounded additive gaps if it has m-bounded additive gaps for
some m ∈ N. If n does not have bounded additive gaps, we say it has arbitrarily large
additive gaps.
Proposition 6.14. Suppose n has arbitrarily large additive gaps. There is a Banach
space X with a 1-unconditional basis B that is n-partially greedy but not conservative,
and thus not partially greedy.
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Proof. Choose a subsequence (nkj)j so that for all j,
nkj+1 > nkj + 3 · 10j, (6.5)
and a decreasing sequence of positive numbers (pk)k so that
lim
k→+∞
pk = 1 and lim sup
j→+∞
j
(
1
pkj+1
− 1
pkj
)
= +∞. (6.6)
For instance, a possible choice is to define
pk
2j
:= 1 +
1
2j
, pk
2j
+1 := 1 +
1
2j + 1
for all j, and then complete the sequence so that (pk)k is decreasing.
For each k, j ∈ N, let
Sk := {S ⊂ N : |S| = 10kand nk < S}, Tj := {nkj + 1, . . . , nkj + 10j},
and define X as the completion of c00 with the following norm:
‖(ai)i‖ := max
‖(ai)i‖∞, supk∈N
∑
S∈Sk
(∑
i∈S
|ai|pk
) 1
pk
, sup
j∈N
∑
i∈Tj
|ai|pkj+1

1
pkj+1
 .
It is clear that the unit vector basis (ei)i is a 1-unconditional Schauder basis. To
prove that it is n-partially greedy, choose A,B ⊂ N and n ∈ n as in Definition 6.6.
Fix j ∈ N, and suppose Tj ∩ A 6= ∅. From (6.5) and the fact that A ≤ n it follows
that Tj < nkj+1 ≤ n. Since n < B and |A| = |B|, there is S ∈ Snkj+1 such that
|S ∩B| ≥ |Tj ∩ A|. Then,∑
i∈Tj
|e∗i (1A)|pkj+1

1
pkj+1
≤
(∑
i∈S
|e∗i (1B)|pkj+1
) 1
pkj+1
≤ ‖1B‖. (6.7)
Now fix k ∈ N and S ∈ Sk. If A ∩ S 6= ∅, then as A < B and |A| = |B| there is
S ′ ∈ Sk such that |B ∩ S ′| ≥ |A ∩ S|. Hence,(∑
i∈S
|e∗i (1A)|pk
) 1
pk
≤
(∑
i∈S′
|e∗i (1B)|pk
) 1
pk
≤ ‖1B‖.
From this and (6.7), taking supremum it follows that
‖1A‖ ≤ ‖1B‖.
Hence, B is 1-n-order-conservative. Since it is also unconditional, by Lemma 6.11 it
is n-partially greedy. To finish the proof, for each j define
Dj := {nkj + 10j + 1, . . . , nkj + 10j + 10j}.
For each j and each k ≥ kj + 1, by (6.5) we have Dj < nk, so Dj ∩ S = ∅ for all
S ∈ Sk. Thus,
sup
k∈N
∑
S∈Sk
(∑
i∈S
|e∗i (1Dj)|pk
) 1
pk
= sup
1≤k≤kj
∑
S∈Sk
(∑
i∈S
|e∗i (1Dj )|pk
) 1
pk
≤ |Dj|
1
pkj = 10
j
pkj .
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Also, by (6.5), we have Ti ∩Dj = ∅ for all i, j. Hence,
‖1Dj‖ ≤ 10
j
pkj
for all j. On the other hand,
‖1Tj‖ ≥
∑
i∈Tj
|e∗i (1Tj )|pkj+1

1
pkj+1
= 10
j
pkj+1 .
Therefore, by (6.6),
lim sup
j→+∞
‖1Tj‖
‖1Dj‖
≥ lim sup
j→+∞
10
j
pkj+1
− j
pkj = +∞.
As Tj < Dj and |Tj| = |Dj| for all j, we conclude that B is not conservative, and thus
not partially greedy. 
Remark 6.15. Note that Remark 6.5 and Proposition 6.14 imply that for sequences
with bounded gaps but arbitrarily large additive gaps, n-strong partially greedy
Schauder bases can fail to be n-conservative.
The remaining case is the simplest one, as it is not difficult to prove that for se-
quences with bounded additive gaps, any of the properties we have been studying is
equivalent to its standard counterpart, even without a Schauder condition. We give
a proof of the case of n-strong partially greedy bases for the sake of completion; for
convenience, we use [17, Proposition 4.1].
Lemma 6.16. Let B be an n-strong partially greedy Markushevich basis. If n has
bounded additive gaps, it is strong partially greedy.
Proof. If n has m-bounded additive gaps, by Lemma 6.8 it is n-order-conservative.
As B is n-quasi-greedy, by [17, Proposition 4.1] it is quasi-greedy. To see that it is
conservative, fix A,B ⊂ N with A < B and 0 < |A| ≤ |B|. If B > n1, let
k1 := max
k∈N
{nk < B} and A0 := {i ∈ A : i ≤ nk1}.
Note that |A \ A0| ≤ m because either the set is empty or
nk1 < A \ A0 < minB ≤ nk1+1 ≤ nk1 +m.
As A0 ≤ nk1 < B, we have
‖1A‖ ≤ ‖1A0‖+ ‖1A\A0‖ ≤ ∆oc‖1B‖+ α1α2m‖1B‖.
On the other hand, if B 6> n1, then A < n1. Hence,
‖1A‖ ≤ α1α2n1‖1B‖.
Thus, B is conservative. By [5, Proposition 5.1], it is strong partially greedy. 
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7. Examples
In this section, we consider two families of examples that are used throughout the
paper, and study the relevant properties of the bases. We begin with the examples
from [17, Proposition 3.1].
Example 7.1. Write n = (nk)
∞
k=1 and find k1 < k2 < ... such that the sequence
(nki+1/nki)
∞
i=1 increases without a bound. For i ∈ N, write
ci =
(
nki+1
nki
)1/4
, mi = ⌊√nki+1nki⌋.
Let m˜i =
∑
j<imi (so that m˜1 = 0 and m˜i+1 = m˜i + mi for i ≥ 1), and let X be
completion of c00 with the norm:∥∥∥∥∥∑
j
ajej
∥∥∥∥∥ = max
{
‖(aj)j‖2, sup
i∈N
ci√
mi
max
i≤l≤mi
∣∣∣∣∣
m˜i+l∑
j=m˜i+1
aj
∣∣∣∣∣
}
.
The unit vector basis B = (ei)i∈N is a monotone Schauder basis with the following
properties.
a) B is n-quasi-greedy and not quasi-greedy.
b) B is ∆s-n-superdemocratic with ∆s ≤
√
2.
c) B is ∆b-n-bidemocratic with ∆b ≤
√
2.
d) B is ∆-n-symmetric for largest coefficients with ∆ ≤ 1 + 2√2.
e) B has the n-UL property.
f) B is not democratic.
g) B is not n-order-conservative and hence not n-partially greedy.
h) B is not unconditional for constant coefficients. Hence, it does not have the
UL property.
Proof. It is clear from the definition that B is a monotone Schauder basis.
Step a) n-quasi-greediness: The basis B is not quasi-greedy but it is n-quasi-
greedy with Cq ≤ 2 (see [17, Proposition 3.1]).
Step b) n-superdemocracy: Note that for every m ∈ N, 2⌊√m⌋ ≥ √m, so
1√
⌊√m⌋ =
√
2
4
√
m
.
Now fix B ⊂ N with |B| ∈ n, and ε ∈ ΨB. For every i ∈ N with |B| ≤ nki , we have
ci√
mi
max
1≤l≤mi
∣∣∣∣∣∣
m˜i+l∑
j=m˜i+1
e∗j(1εB)
∣∣∣∣∣∣ ≤ ci√mi |B| = 4
√
nki+1
nki
|B|√⌊√
nkinki+1
⌋
≤
√
2 4
√
nki+1
nki
|B|
4
√
nkinki+1
=
√
2|B|√
nki
≤
√
2|B|√|B|
=
√
2
√
|B|. (7.1)
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On the other hand, if |B| ≥ nki+1, then
ci√
mi
max
1≤k≤mi
∣∣∣∣∣∣
m˜i+l∑
j=m˜i+1
e∗j(1εB)
∣∣∣∣∣∣ ≤ ci√mimi = 4
√
nki+1
nki
√⌊√
nkinki+1
⌋
≤ 4
√
nki+1
nki
√√
nkinki+1 =
√
nki+1 ≤
√
|B|. (7.2)
Taking supremum in (7.1) and (7.2) we get
‖1εB‖ ≤ 2
√
|B|. (7.3)
As
‖1εB‖ ≥ ‖1εB‖2 =
√
|B|,
it follows that B is ∆s-n-superdemocratic with ∆s ≤
√
2.
Step c) n-bidemocracy: Note that since ‖x‖ ≥ ‖x‖2 for all x ∈ X, it follows that
‖x∗‖ ≤ ‖x∗‖2 for all x∗ ∈ X∗ with finite support. Hence,
‖1∗
εA‖ ≤
√
|A|
for all finite A ⊂ N and all ε ∈ ΨA. From this and (7.3), it follows that if |A| = |B| =
n ∈ n, then for all ε ∈ ΨA and all ε′ ∈ ΨB we have
‖1∗
εA‖‖1ε′B‖ ≤
√
2
√
|A|
√
|B| =
√
2n,
so B is ∆b-n-bidemocratic with ∆b ≤
√
2.
Step d) n-symmetry for largest coefficients: This follows immediately from c)
and Lemma 4.8.
Step e) n-UL property. This also follows from c) and Lemma 4.8
Step f) democracy: To see that B is not democratic, consider the subsequence
(em˜k)k. For any x of the form
k1∑
k=1
akem˜k and every j,
| supp (x) ∩ {m˜j + 1, . . . , m˜j +mj}| ≤ 1.
Hence,
cj√
mj
max
1≤l≤mj
|
m˜j+l∑
k=m˜j+1
e∗j(x)| ≤
cj max1≤k≤k1 |ai|√
mj
= 4
√
nkj+1
nkj
max1≤k≤k1 |ai|√⌊√
nkjnkj+1
⌋
≤
√
2 4
√
nkj+1
nkj
max1≤k≤k1 |ai|
4
√
nkjnkj+1
≤
√
2‖x‖2.
It follows that for all such x,
‖x‖2 ≤ ‖x‖ ≤
√
2‖x‖2. (7.4)
Now for each i ∈ N, let
Bi := {m˜i + 1, . . . , m˜i +mi}.
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We have
‖1Bi‖ ≥
ci√
mi
m˜i+mi∑
j=m˜i+1
e∗j(1Bi) =
ci√
mi
mi = ci
√
mi. (7.5)
As, for every A ⊂ {em˜k : k ∈ N} with |A| = mi, by (7.4) we have ‖1A‖ ≤
√
2
√
mi and
(ci)i is unbounded, B is not democratic.
Step g) n-partial greediness: Fix i ∈ N, and choose n ∈ n so that Bi < n and a
set A ⊂ {em˜k : k ∈ N} so that |A| = mi and n < A. As in the previous step, by (7.4)
and (7.5) we have
‖1Bi‖ ≥ ci
√
mi and ‖1A‖ ≤
√
2
√
mi.
Thus, since (ci)i is unbounded, B is not n-order-conservative. By Lemma 6.8, it is
not n-partially greedy.
Step h) Unconditionality for constant coefficients. Fix i ∈ N, and consider
again the set Bi. By (7.5), we have
‖1Bi‖ ≥ ci
√
mi.
Now let ε ∈ ΨBi be a sequence of alternating signs. Then for all 1 ≤ l ≤ mi we have
ci√
mi
∣∣∣∣∣∣
m˜i+l∑
j=m˜i+1
e∗j(1εBi)
∣∣∣∣∣∣ ≤ 1.
As
ci′√
mi′
∣∣∣∣∣∣
m˜l+l∑
j=m˜l+1
e∗j(1εBi)
∣∣∣∣∣∣ = 0 ∀i′ 6= i∀1 ≤ l ≤ mi′,
it follows that
‖1εBi‖ = ‖1εBi‖2 =
√
mi.
As before, using the fact that (ci)i is unbounded we conclude that B is not uncondi-
tional for constant coefficients. 
Remark 7.2. Note that if we replace the norm in Example 7.1 by the norm∥∥∥∥∥∑
j
ajej
∥∥∥∥∥ = max
{
‖(aj)j‖2, sup
i∈N
ci√
mi
m˜i+mi∑
j=m˜i+1
|aj |
}
,
the resulting basis is clearly 1-unconditional, and the proofs of all of the steps b) to
g) hold with only minor, strightforward modifications. In particular, this shows that
even for unconditional bases, n-superdemocracy does not entail democracy.
Next, for any sequence n with arbitrarily large gaps, we construct a Schauder basis
that is n-t-strong partially greedy for all 0 < t ≤ 1, but neither quasi-greedy nor
conservative, and thus, not partially greedy. In particular, this extends the result
obtained in [17, Proposition 3.1] for the n-quasi-greedy property. Additionally, this
construction shows that for sequences with arbitrarily large gaps, the n-conservative
and n-superconservative properties are not equivalent to their standard counterparts,
and that the well-known implication (quasi-greedy =⇒ unconditional for constant
coefficients, see [21]) does not extend to our context, either.
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Example 7.3. Given n with arbitrarily large gaps, define
S := {S ⊂ N : |S| ∈ n and |S| < S},
and let (nkj )j be a subsequence such that for all j,
nkj+1 > 3(j + 1)nkj . (7.6)
Let X be the completion of c00 with the following norm:
‖(ai)i‖ := max
{
‖(ai)i‖∞, sup
S∈S
∑
i∈S
|ai|, sup
j∈N
sup
1≤l≤jnkj
∣∣∣∣∣
l∑
i=1
ankj+i
∣∣∣∣∣
}
. (7.7)
The unit vector basis B = (ei)i is a monotone Schauder basis with the following
properties:
i) For all 0 < t ≤ 1, B is n-t-strong partially greedy with constant Csp,t ≤
max{t−1, 2}.
ii) B is 1-n-superconservative.
iii) B is not conservative.
iv) B is not n-unconditional for constant coefficients. Thus, in particular, it is
not quasi-greedy.
Proof. It is easy to check that B is a monotone Schauder basis for X.
Step i) n-t-strong partial greediness: let B0 = ∅, and for each m ∈ N, let
Bm := {1, . . . , m}.
Fix x ∈ X, n ∈ n, 0 ≤ m ≤ n, and A a t-greedy set for x of order n. Clearly,
‖(e∗i (x− PA(x))i‖∞ ≤ t−1‖(e∗i (x− Sm(x))i‖∞. (7.8)
Now fix S ∈ S. If |S ∩ (Bm \ A)| ≤ |S ∩ (A \Bm)|, then∑
i∈S
|e∗i (x− PA(x))| =
∑
i∈S\(A∪Bm)
|e∗i (x− PA(x))|+
∑
i∈S∩(Bm\A)
|e∗i (x)|
≤
∑
i∈S\(A∪Bm)
|e∗i (x− Sm(x))| + |S ∩ (Bm \ A)| max
i∈S∩(Bm\A)
|e∗i (x)|
≤
∑
i∈S\(A∪Bm)
|e∗i (x− Sm(x))| + t−1|S ∩ (A \Bm)| min
i∈S∩(A\Bm)
|e∗i (x)|
≤ t−1
 ∑
i∈S\(A∪Bm)
|e∗i (x− Sm(x))|+
∑
i∈S∩(A\Bm)
|e∗i (x)|

= t−1
∑
i∈S
|e∗i (x− Sm(x))| ≤ t−1‖x− Sm(x)‖. (7.9)
If |S ∩ (Bm \ A)| > |S ∩ (A \Bm)|, consider the equations
|A| = |A \ (Bm ∪ S)|+ |S ∩ (A \Bm)|+ |A ∩ Bm ∩ S|+ |(A ∩Bm) \ S|
and
|Bm| = |Bm \ (A ∪ S)|+ |S ∩ (Bm \ A)|+ |A ∩Bm ∩ S|+ |(A ∩ Bm) \ S|.
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Together with the hypothesis that |A| = n ≥ m = |Bm|, they entail that
|A \ (Bm ∪ S)|+ |S ∩ (A \Bm)| ≥ |S ∩ (Bm \ A)|.
As |S ∩ (Bm \ A)| > |S ∩ (A \ Bm)|, it follows that there is a nonempty set D ⊂
A \ (Bm ∪ S) such that
|S ∩ (A \Bm)|+ |D| = |S ∩ (Bm \ A)|,
and thus also E ⊂ N such that
|E|+ |D| = |S ∩ (Bm \ A)|
and either E = ∅ or E > A ∪ Bm ∪ S. Let
S ′ := (S \ (S ∩ (Bm \ A)) ∪D ∪ E = (S \ (Bm \ A)) ∪D ∪ E.
It is easy to check that |S ′| = |S| ∈ n. The fact that Bm < D ∪ E implies that
minS ≤ minS ′, so S ′ ∈ S. Thus,∑
i∈S
|e∗i (x− PA(x))| =
∑
i∈S\(A∪Bm)
|e∗i (x− PA(x))|+
∑
i∈S∩(Bm\A)
|e∗i (x)|
≤
∑
i∈S\(A∪Bm)
|e∗i (x− Sm(x)))|+ |S ∩ (Bm \ A)| max
i∈S∩(Bm\A)
|e∗i (x)|
≤
∑
i∈S\(A∪B)
|e∗i (x− Sm(x))|+ t−1|D ∪ (S ∩ (A \Bm))| min
i∈D∪(S∩(A\Bm))
|e∗i (x)|
≤ t−1
 ∑
i∈S\(A∪Bm)
|e∗i (x− Sm(x))|+
∑
i∈D∪E∪(S∩(A\Bm))
|e∗i (x)|

= t−1
 ∑
i∈S′\(A∪D∪E)
|e∗i (x− Sm(x))|+
∑
i∈D∪E∪(S∩A)
|e∗i (x− Sm(x))|

= t−1
∑
i∈S′
|e∗i (x− Sm(x))| ≤ t−1‖x− Sm(x)‖. (7.10)
From (7.9) and (7.10) it follows that
sup
S∈S
∑
i∈S
|e∗i (x− PA(x))| ≤ t−1‖x− Sm(x)‖. (7.11)
Finally, fix j ∈ N and 1 ≤ l ≤ jnkj . We consider first the case |A| ≤ nkj : choose a set
S ⊂ N so that
|S| = nkj , nkj < S, A ∩ {nkj + 1, . . . , nkj + l} ⊂ S.
As S ∈ S and Bm < m+ 1 ≤ n+ 1 = |A|+ 1 ≤ nkj + 1, we have∣∣∣∣∣
l∑
i=1
e∗nkj+i
(x− PA(x))
∣∣∣∣∣ ≤
∣∣∣∣∣
l∑
i=1
e∗nkj+i
(x)
∣∣∣∣∣ +
l∑
i=1
|e∗nkj+i(PA(x))|
≤
∣∣∣∣∣
l∑
i=1
e∗nkj+i
(x− Sm(x)))
∣∣∣∣∣+∑
i∈S
|e∗nkj+i(x− Sm(x))|
≤ 2‖x− Sm(x)‖. (7.12)
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Suppose now that |A| > nkj , and let
D := {nkj + 1, . . . , nkj + l}.
As |A| ∈ n, |A| ≥ nkj+1, so it follows from (7.6) that D ⊂ {1, . . . , |A|}. If D ⊂ A,
then ∣∣∣∣∣
l∑
i=1
e∗nkj+i
(x− PA(x))
∣∣∣∣∣ = 0 ≤ ‖x− Sm(x)‖. (7.13)
If D 6⊂ A, there is S ⊂ N such that
|S| = |A| < S and |D \ A| = |A ∩ S|.
Since S ∈ S, we have∣∣∣∣∣
l∑
i=1
e∗nkj+i
(x− PA(x))
∣∣∣∣∣ =
∣∣∣∣∣∣
∑
i∈D\A
e∗i (x)
∣∣∣∣∣∣ ≤ |D \ A| maxi∈D\A |e∗i (x)|
≤ t−1|A ∩ S| min
i∈A∩S
|e∗i (x)| ≤ t−1
∑
i∈S
|e∗i (x)|
= t−1
∑
i∈S
|e∗i (x− Sm(x))| ≤ t−1‖x− Sm(x)‖. (7.14)
From (7.8), (7.11), (7.12), (7.13) and (7.14) it follows that
‖x− PA(x)‖ ≤ max{t−1, 2}‖x− Sm(x)‖,
and then, the proof of i) is complete.
Step ii) n-superconservativeness: choose A,B, ε ∈ ΨA, ε′ ∈ ΨB as in Defini-
tion 6.4, and S ⊂ B with |S| = |A| ∈ n. Since A < B, |S| = |A| < S. Thus, S ∈ S.
It follows that
‖1εA‖ ≤ |A| = |S| =
∑
i∈S
|e∗i (1ε′B)| ≤ ‖1ε′B‖,
so B is 1-n-superconservative.
Step iii) conservativeness: define, for each j,
Dj := {nkj + 1, . . . , (j + 1)nkj} and Ej := {(j + 1)nkj + 1, . . . , 2(j + 1)nkj}.
We have
‖1Dj‖ ≥
jnkj∑
i=1
e∗nkj+i
(1Dj ) = |Dj| = jnkj . (7.15)
For any j′ ≤ j,
(j′ + 1)nkj′ ≤ (j + 1)nkj < Ej ,
whereas (7.6) entails that for any j′ > j,
Ej < nkj′ .
It follows that
sup
j′∈N
sup
1≤l≤j′nk
j′
∣∣∣∣∣
l∑
i=1
e∗nk
j′
+i(1Ej)
∣∣∣∣∣ = 0.
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Similarly, for any S ∈ S with |S| ≥ nkj+1, by (7.6) we have
Ej < S.
Hence,
‖1Ej‖ = max{‖e∗i (1Ej )‖∞, sup
S∈S
|S|≤nkj
∑
i∈S
|e∗i (1Ej )|} ≤ nkj .
It follows from this and (7.15) that
‖1Dj‖
‖1Ej‖
≥ j.
As |Dj| = jnkj = |Ej| and Dj < Ej for all j, the basis is not conservative.
Step iv) n-unconditionality for constant coefficients: fix j > 1 and let
ε ∈ ΨBnkj+1
be a choice of alternating signs. Clearly,
sup
j′∈N
sup
1≤l≤j′nk
j′
∣∣∣∣∣
l∑
i=1
e∗nk
j′
+i(1εBnkj+1
)
∣∣∣∣∣ = 1 = ‖(e∗i (1εBnkj+1 ))i‖∞ (7.16)
As S ∩ Bnkj+1 = ∅ for all S ∈ S such that |S| ≥ nkj+1, we have
sup
S∈S
∑
i∈S
|e∗i (1εBnkj+1 )| = supS∈S
|S|≤nkj
∑
i∈S
|e∗i (1εBnkj+1 )| ≤ nkj . (7.17)
On the other hand,
‖1Bnkj+1‖ ≥
jnkj∑
i=1
e∗nkj+i
(1Bnkj+1
) = jnkj ,
which, when combined with (7.16) and (7.17) gives
‖1Bnkj+1‖
‖1εBnkj+1‖
≥ j
for all j. Hence, B is not n-unconditional for constant coefficients, and the proof is
complete. 
8. Open questions
Question 1. Several of our proofs use the basis constant, and thus are only valid for
Schauder bases. Can the Schauder condition be removed from one or more of these
results?
Question 2. For n with bounded gaps, we characterize n-partially greedy Schauder
bases as those that are n-quasi-greedy and n-order-conservative (Proposition 6.12).
Does this characterization hold for n with arbitrarily large gaps? If not, is there a
characterization of n-partially greedy Schauder bases as those n-quasi-greedy that
have another, relatively simple property?
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Annex: Summary of the most important constants
Symbol Name of constant Ref. equation
Cq,t Quasi-greedy constant (1.2)
Csq,t Suppression-quasi-greedy constant (1.3)
Cp,t Partially greedy constant (6.1)
Csp,t Strong partially greedy constant (6.2)
Ku Unconditionality for constant coeff. constant (2.1)
Ks Suppression unconditionality constant (5.3)
∆d Democracy constant (3.1)
∆s Superdemocracy constant (3.1)
∆ Symmetry for largest coeff. constant (3.2)
∆b Bidemocracy constant (4.1)
∆osc Order-superconservativity constant (6.4)
∆oc Order-conservativity constant (6.4)
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